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The Impact of the DSD on the Z–R Relationship

Abstract

In this thesis the microphysical properties of specific rainfall regimes are analyzed. The

main focus lies on variations of the drop size distribution (DSD) that lead to significantly

different relationships between radar reflectivity Z and rain rate R within single rainfall

events. The investigation consists of three parts: the separation and interpretation of

modal Z–R relationships, the detection and description of transitions between modes of

the Z–R relationship and the benefit of bimodal Z–R relationships for the quantitative

precipitation estimation (QPE). For this purpose, six months of DSD data from micro

rain radar (MRR) measurements in Northern Germany are analyzed.

The best separation of modal Z–R relationships is realized by a flexible threshold for

the multiplicative factor a of the Z–R relationship that can be obtained from the mass-

weighted mean drop diameter Dm and the drop number density NT . An empirical defini-

tion of stratiform and convective precipitation based on R and Dm is able to identify the

general character of rainfall regimes but does not deliver optimal results for single cases.

As a consequence of stronger updraft velocities and a balance between coalescence and

breakup of raindrops, convective precipitation generally consists of smaller drops than

stratiform precipitation of the same intensity and is associated with a number-controlled

Z–R relationship. In contrast to this, stratiform rainfall is mainly generated under the

presence of weak updraft velocities and a pronounced melting layer aloft and can more

likely be described by a size- or mixed-controlled Z–R relationship.

Rapid transitions between different Z–R relationships are generally detectable from the

time series of rainfall parameters although not all transitions are the result of micro-

physical discontinuities. Effects like gravitational drop sorting and multimodal rain rate

spectra heavily influence the character and detectability of such transitions. The current

stability of the Z–R relationship cannot be used to identify transitions between rainfall

regimes.

The application of bimodal Z–R relationships on radar reflectivity measurements has the

potential to considerably reduce the uncertainty of the QPE. Compared to single Z–R

relationships, the correlation coefficient between the true and estimated logarithmic rain

rate is increased by 10 to 12 % while the RMSE is reduced by 30 to 40 %. The change of

the separation method as well as the adjustment of the used threshold value yield only

marginal improvements of the QPE.
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Zusammenfassung

In dieser Abschlussarbeit werden die mikrophysikalischen Eigenschaften von typischen

Niederschlagsregimen untersucht. Das Hauptaugenmerk liegt dabei auf Veränderungen

der Tropfengrößenverteilung, die innerhalb einzelner Regenereignisse zu deutlich unter-

schiedlichen Beziehungen zwischen der Radarreflektivität Z und der Regenrate R führen.

Die Untersuchung besteht aus drei Teilen: der Trennung und Interpretation von modalen

Z–R-Beziehungen, der Erkennung und Beschreibung von Übergängen zwischen Moden der

Z–R-Beziehung und dem Nutzen von bimodalen Z–R-Beziehungen für die quantitative

Niederschlagsabschätzung. Zu diesem Zwecke werden sechs Monate Tropfengrößenvertei-

lungs-Daten aus Mikroregenradar-Messungen in Norddeutschland ausgewertet.

Die beste Trennung von modalen Z–R-Beziehungen wird mit einem variablen Grenz-

wert für den multiplikativen Faktor a der Z–R-Beziehung erzielt, der aus dem massen-

gewichteten mittleren Tropfendurchmesser Dm und der Tropfenanzahldichte NT berechnet

werden kann. Eine empirische Definition für stratiformen und konvektiven Niederschlag,

basierend auf R und Dm, ist in der Lage den generellen Charakter von Niederschlagsregi-

men zu erkennen, liefert aber in einzelnen Fällen keine optimalen Ergebnisse. Aufgrund

von stärkeren Aufwinden und eines Gleichgewichts aus Verschmelzen und Aufbrechen der

Regentropfen enthält konvektiver Niederschlag im Allgemeinen kleinere Tropfen als stra-

tiformer Niederschlag der gleichen Intensität und ist mit einer Anzahl-gesteuerten Z–R-

Beziehung assoziiert. Im Gegensatz dazu ensteht stratiformer Regen meist bei schwachen

Aufwinden und im Zusammenhang mit dem Auftreten einer ausgeprägten darüberliegen-

den Schmelzschicht und kann eher mit einer Größen- oder gemischt-gesteuerten Z–R-

Beziehung beschrieben werden.

Rasche Übergänge zwischen verschiedenen Z–R-Beziehungen sind im Allgemeinen mithilfe

der Zeitreihe von Niederschlagsgrößen erkennbar, auch wenn nicht alle Übergänge aus

mikrophysikalischen Diskontinuitäten resultieren. Effekte wie die schwerebedingte Trop-

fengrößensortierung und das Auftreten multimodaler Niederschlagsspektren haben einen

großen Einfluss auf den Charakter und die Nachweisbarkeit solcher Übergänge. Die mo-

mentane Stabilität der Z–R-Beziehung kann dabei nicht als Indikator für den Wechsel des

Niederschlagsregimes herangezogen werden.

Die Anwendung von bimodalen Z–R-Beziehungen auf Radarreflektivitätsmessungen hat

das Potential die Unsicherheit der quantitativen Niederschlagsabschätzung deutlich zu
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Zusammenfassung

reduzieren. Im Vergleich zu einzelnen Z–R-Beziehungen erhöht sich der Korrelations-

koeffizient zwischen wahrer und abgeleiteter logarithmischer Regenrate um 10 bis 12 %,

während der mittlere Fehler um 30 bis 40 % sinkt. Sowohl der Wechsel der Trennungsme-

thode als auch die Anpassung des verwendeten Grenzwertes führen zu nur geringfügigen

Verbesserungen der Ergebnisse.
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1 Introduction

The quantitative precipitation estimation (QPE) is of central importance for weather

radar measurements and their hydrological applications. The conversion of the measured

radar reflectivity Z into the desired meteorological quantity, the rain rate R, is a crucial

step for the QPE. This conversion is usually done with an empirical power-law relationship

between both quantities, called Z–R relationship. Unfortunately, the Z–R relationship

does not represent a unique relation but rather exhibits a high spatial and temporal vari-

ability and strongly depends on the specific meteorological conditions. Since the current

Z–R relationship is usually unknown, it is a common practice for operational weather

radars to apply an average Z–R relationship that describes the local meteorological con-

ditions and precipitation types in the best way (e. g. Battan (1973)). Nevertheless,

climatological Z–R relationships can only inadequately capture the small-scale variabi-

lity that is inherent to rainfall. In some cases the application of an inappropriate Z–R

relationship on a measured field of radar reflectivity Z can lead to a considerable underes-

timation of the current rain rate R and a potentially dangerous misinterpretation of radar

rainfall data. The key element for a meaningful interpretation of the Z–R relationship

is the drop size distribution (DSD) that connects both quantities in a fundamental way.

The DSD is assumed to be the result of various small-scale microphysical processes that

are responsible for the generation of the raindrops and characteristic for specific rainfall

regimes. Based on the fact, that both Z and R are integral measures of the DSD, the Z–R

relationship does not describe a specific population of raindrops but rather the transfor-

mation of the DSD with changing rain intensity. Therefore, the Z–R relationship can be

interpreted as a signature of the dominant rainfall regime and its underlying microphysi-

cal processes that are mainly determined by a variety of internal drop interactions. These

processes are mainly controlled by the present synoptic- and small-scale meteorological

conditions which can be assumed to vary roughly on a day-to-day basis. Nevertheless, it

can be shown that the variability of the microphysical conditions and the corresponding

Z–R relationship within a day is in about the same order of magnitude as its long-term

variability (Lee, 2003). This implies that to the short-term variability of local Z–R re-

lationships should be paid at least as much attention as to the variety of climatological

Z–R relationships.

In some specific situations the inhomogeneous character of rainfall becomes clearly visible

when considerably different Z–R relationships are observed on the time scale of hours. In
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1 Introduction

the scatter plot of rain rate and radar reflectivity obtained from DSD measurements the

different modes of the Z–R relationship show up as distinct regimes that can be easily

identified by visual inspection (Fig. 1.1). The first assumption is that this phenomenon is

caused by the change of the meteorological conditions and the associated microphysical

processes. The systematic analysis of these processes would require a thorough separation

of the measured DSDs that are causing the distinct rainfall regimes. Unfortunately, in

many cases the different modes of the Z–R relationship are not temporally separated but

rather portioned into multiple alternating intervals. Therefore, the separation of the Z–R

modes should not be only be based on temporal considerations but also on a systematic

classification of the DSDs. A common method is the distinction between widespread or

often referred as to stratiform rainfall and intensive rain showers that are mostly associ-

ated with convective rainfall. However, in common sense this is rather a qualitative than

a quantitative classification and mainly depends on the general appearance of the precipi-

tation. Tokay and Short (1996) and Testud et al. (2001) formulated empirical criteria

based on integral rainfall parameters that allow an objective distinction between strati-

form and convective rain. A crucial step for the understanding of the rainfall regimes is

the dependency of the Z–R relationship on the characteristic parameters. While Uijlen-

hoet (2001) described this dependency for exponential DSDs, Steiner et al. (2004)

analytically derived the general existence of three distinct modes of the Z–R relation-

ship that are controlled by systematic variations of number and size of the raindrops.

Nevertheless, the inverse problem, namely the microphysical interpretation of the Z–R

parameters, is even more challenging since a mixture of different rainfall regimes can lead

to averaged coefficients that are no longer a meaningful representation of the underlying

microphysical processes. Therefore, the accurate separation of rainfall regimes is an es-

sential requirement for an in-depth understanding of precipitation. As already mentioned,

the transition process between different rainfall regimes plays an important role for the

analysis of the small-scale variability of rainfall. Changes of the dominant microphysical

processes are known for a long time and have been first described by Waldvogel (1974)

as so-called N0 jumps that have the character of discontinuities in the rainfall parame-

ters. Presumably, N0 jumps lead to a rapid change of the Z–R relationship, however, it

is also imaginable that transitions between Z–R relationships occur in a different way or

microphysical discontinuities do not always become visible in Z–R space. From Fig. 1.1

another relevant aspect of modal Z–R relationships becomes clear. Even on very short

time scales, the rain rate R for a given radar reflectivity Z can easily vary by a factor of 10.

Therefore, a single Z–R relationship is not able to appropriately describe precipitation
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that originates from considerably different rainfall regimes (Steiner et al., 2004). As a

consequence for the QPE, the use of single Z–R relationships can lead to a significant

over- or underestimation of the current rain rate. This fact emphasizes the relevance of

microphysical processes for an appropriate interpretation of rainfall but also the potential

to reduce the uncertainty of hydrological forecasts.

Figure 1.1: Scatter plot of radar reflectivity Z and rain rate R associated with a bimodal Z–R

relationship generated by 10 hours of rain.

The central topic of this thesis is the analysis of specific rainfall regimes that are observed

in close temporal proximity and lead to the phenomenon of modal Z–R relationships.

The following key questions will be addressed here:

• Is it possible to systematically separate distinct modes of the Z–R relationship and

relate them to different rainfall regimes and microphysical processes?

• How do transitions between different modes of the Z–R relationship take place and

are they detectable from the time series of rainfall measurement data?

• Does the knowledge about rainfall regimes help to improve the QPE by using bi-

modal Z–R relationships?

To answer these questions, first the theoretical background of DSDs and the Z–R relation-

ship is described (Sect. 2) followed by a discussion of the basic principles and uncertainties
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of micro rain radar measurements that represent the data basis for the study (Sect. 3).

The main part of this thesis (Sect. 4) consists of an introduction of three methods for the

separation of modal Z–R relationships and their application on selected rainfall events

which serves to investigate the first two key questions. Finally, the introduced methods

are applied on the entire six-months data set and compared regarding their microphysi-

cal interpretation and benefit for the QPE (Sect. 5) followed by a wrap-up of the results

(Sect. 6) and a short outlook (Sect. 7).
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2 Theoretical Background

2.1 Drop Size Distribution

In the atmosphere of the Earth liquid water is always present as small droplets of various

sizes and forms, summed up as hydrometeors. The smallest drops are cloud particles that

usually form when water vapor condenses into liquid water mostly as a result vertical air

motions and subsequent cooling of the air. These water drops have a characteristic size

of ∼10 µm and are suspended by updrafts, turbulence and friction. Due to collision and

coalescence cloud droplets efficiently grow to the size of raindrops that are heavy enough

to overcome the updraft and fall as precipitation. Raindrops have a typical size range

from a few hundred µm to ∼3 mm and a characteristic size of ∼1 mm. The largest drops

with a diameter greater than 4 mm eventually breakup into smaller fragments and produce

smaller drops again. In subfreezing environments, depending on temperature, moisture

and aerosol concentration, cloud droplets can also exist as ice crystals that mainly grow

through re-sublimation of supercooled drops. These ice particles may further gain size due

to interaction with each other and eventually fall as snowflakes or melt into large raindrops.

The growth of small drops and breakup of large drops finally determine the distribution

of the number of raindrops over the range of possible drop sizes, called the drop size

distribution (DSD). The DSD represents the basis for all microphysical considerations

of rainfall and is of central importance for this study. Well-established meteorological

quantities like the rain rate and the radar reflectivity can be derived from the DSD which

will be discussed in Sect. 2.2 in more detail (Doviak and Zrnic, 2006; Wang, 2013).

Due to the highly variable character of the DSD several mathematical descriptions have

been introduced in literature. The most popular and widely used distribution of raindrops

with size was first described by Marshall and Palmer (1948). They have fitted an

exponential function of the form

N(D) = N0 exp(−ΛD) (2.1)

to raindrop measurement data on dyed filter papers where the diameter D describes the

size of a (spherical) drop in units of mm and N(D) is the number of drops per unit vol-

ume air and drop size in units of m−3 mm−1. According to the so-called Marshall–Palmer

DSD, the smallest drops are most frequent and the number density N(D) exponentially

decreases with increasing drop size. For higher rain intensities the number density of all
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drop sizes increases in a way that the exponential shape of the distribution is conserved

(Fig. 2.1a). This behavior is controlled by the slope coefficient Λ while the number density

for D = 0 mm is described by the so-called intercept parameter N0. For the determina-

tion of the slope coefficient Marshall and Palmer (1948) suggested the power-law

parameterization

Λ = 4.1R−0.21 mm−1 (2.2)

where Λ decreases with increasing rain rate R in mm h−1. Furthermore, they assumed N0

to be constant for all rain rates R with a value of

N0 = 8 · 103 m−3 mm−1. (2.3)

Although Marshall and Palmer (1948) derived this parameterization only from mea-

surement data corresponding to rain rates not exceeding 23 mm h−1, Eqt. 2.1 is proofed

to hold true for much higher intensities (Uijlenhoet, 2001). Actual measured drop size

spectra may differ quite a lot from the theoretical exponential function depending on the

geographical location, type of rainstorm, season and even the region within the storm.

Therefore, the two DSD parameters N0 and Λ can be highly variable and especially N0 is

far from being constant which is supported by many observational studies (e. g. Wald-

vogel (1974)). Nevertheless, for the size range of 1 ≤ D ≤ 3.5 mm, that matters most

for radar meteorology, the Marshall–Palmer distribution provides the most practical and

realistic description of DSDs.

A more general form of the DSD was given by Ulbrich (1983) who proposed a gamma

distribution of the form

N(D) = N0D
µ exp(−ΛD) (2.4)

where µ indicates the DSD shape parameter. Under natural conditions µ mostly ranges

between −3 and 8 and, therefore, allows deviations from the exponential distribution.

With increasing µ the distribution becomes narrower and effectively truncated at the

small drop size end (Fig. 2.1b). For the special case of µ = 0 the gamma distribution

is identical to an exponential distribution like the Marshall–Palmer DSD while for the

limiting case of µ → ∞ it approaches a theoretical monodisperse spectrum that is de-

picted by a Delta distribution. Since the gamma distribution contains one more model

parameter than an exponential distribution, it is suitable to describe the wide variety of

natural DSDs in a more realistic way. Especially the evaporation of the smallest drops

cannot be appropriately described by the exponential model of Marshall and Palmer

(1948). Other approaches are based on the generalized gamma distribution with the
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Weibull distribution as a special case, or the log-normal distribution. Nevertheless, none

of the theoretical expressions is able to perfectly fit real-nature DSDs. Due to the vari-

ety of microphysical processes, that take place in the atmosphere especially on small time

scales, actually an indefinite number of parameters would be required to characterize them

properly (Doviak and Zrnic, 2006; Steiner et al., 2004). A more in-depth discussion

of these phenomena will be provided in Sect. 4.

Figure 2.1: (a) Marshall–Palmer DSDs of different intensities and (b) gamma DSDs for differ-

ent shape parameters µ assuming the distribution parameter N0 and Λ suggested

by Marshall and Palmer (1948) for rain rate R = 5mm h−1.

2.2 Integral Rainfall Parameters

The DSD is of central importance for almost every investigation concerning rainfall since

it provides the basis of several relevant quantities that describe the properties of rainfall.

Most of these parameters are proportional to integral measures, called moments of the

DSD. The i-th (central) moment mi of the DSD is given by

mi =

∫ ∞
0

N(D)Di dD. (2.5)

The most commonly used quantity is the rain rate R which quantifies the amount of

rain that falls to the ground within a specified time interval. The total amount of liquid

water in a defined volume of atmosphere is known as the liquid water content L and can
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be obtained via the third moment of the DSD. By using the density of water ρw and the

volume of the (assumedly) spherically shaped raindrops, L given in kg m−3 can be derived

as

L =
π ρw

6
m3 =

π ρw
6

∫ ∞
0

N(D)D3 dD. (2.6)

Since R is not a state variable but rather a flux variable, its direction is determined by the

falling velocity of the raindrops v. This velocity is generally unknown and, therefore, has

to be parameterized. Since the mass of objects is proportional to the velocity they reach

when they freely fall to ground, the size of raindrops, neglecting variations in the density

of water, mainly determines their falling velocity. As shown by Atlas and Ulbrich

(1977), the dependency of v on D can be expressed as a simple power law of the form

v(D) = v0D
p (2.7)

with the coefficients v0 = 3.778 m s−1 mm−p and p = 0.67. For the range 0.5 ≤ D ≤
5.0 mm, that matters most for rainfall, this expression realizes a close fit to the data of

Gunn and Kinzer (1949) who made precise measurements of the terminal velocity of

water droplets falling in stagnant air at constant sea level pressure. Atlas et al. (1973)

provided another and more sophisticated empirical formula

v(D) = 9.65− 10.3 exp(−0.6D) (2.8)

that fits data of Gunn and Kinzer (1949) with an error of less than 2 % (Doviak and

Zrnic, 2006). Both parameterizations of v are widely used in literature and considerably

deviate from each other only for D > 4 mm (Fig. 2.2). The advantages and disadvantages

of both Eqts. 2.7 and 2.8 will be addressed in Sect. 3.3. Moreover, several modifications

of the velocity parameterization regarding the variation of air density with height (e. g.

Foote and duToit (1969)) or the deformation of raindrops (e. g. Pruppacher and

Beard (1970)) have been suggested in literature, however, these effects will not be con-

sidered here (Doviak and Zrnic, 2006; Steiner et al., 2004).

By combining the two components liquid water content L and falling velocity v, the rain

rate R can be expressed under the absence of any wind as

R =
π

6

∫ ∞
0

N(D)D3 v(D) dD (2.9)

where R is given in units of m s−1 and SI units are used throughout the equation (Doviak

and Zrnic, 2006). To obtain R in the practical and widely used units of mm h−1, it can

be calculated over

R =
6π

104

∫ ∞
0

N(D)D3 v(D) dD (2.10)

8
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where N(D) is in units of m−3 mm−1, D in mm and v in m s−1 (Uijlenhoet, 2001;

Steiner et al., 2004). In order to handle the wide range of values and its extremely

skewed frequency distribution, the rain rate is sometimes expressed in logarithmic units

of dBR. The conversion of R from units of mm h−1 into dBR is done via

R

dBR
= 10 log10

(
R

mm h−1

)
(2.11)

which is a common practice in radar meteorology (e. g. Doelling et al. (1998)).

Figure 2.2: Parameterizations of the terminal velocity v of raindrops depending on drop size

D after Atlas and Ulbrich (1977) and Atlas et al. (1973).

Another fundamental but less intuitive rainfall quantity is represented by the sixth mo-

ment of the DSD, called radar reflectivity factor Z or hereafter simply referred to as the

radar reflectivity. Therefore, Z is defined as

Z = m6 =

∫ ∞
0

N(D)D6 dD (2.12)

and measured in units of mm6 m−3. The radar reflectivity is the most important and

widely used quantity in radar meteorology since it describes how a population of raindrops

would look like to a weather radar under specific assumptions. Z is independent of any

instrumental properties of the radar instrument and represents the meteorological part of

the radar equation which will be discussed in Sect. 3 (Uijlenhoet, 2001; Doviak and

Zrnic, 2006). Similar to the rain rate R the values of Z in practice also span several
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orders of magnitude, which requires the use of a logarithmic rather than a linear scale.

The logarithmic radar reflectivity is expressed in units of dBZ and can be obtained via

Z

dBZ
= 10 log10

(
Z

mm6 m−3

)
. (2.13)

This convention has the advantage that a wide range of meteorological targets can be

described by more convenient values of Z. For example, fog has a typical radar reflectivity

of −30 dBZ whereas average rainfall exhibits Z values between roughly 0 and 40 dBZ while

in extreme cases even higher values can be reached (Rinehart, 2010).

Much less known but also relevant measures derived from the DSD are the drop number

density NT and the mass-weighted mean drop diameter Dm. NT describes the total

number of drops per unit volume of air regardless of their size in units of m−3 and,

therefore, it is given by

NT = m0 =

∫ ∞
0

N(D) dD. (2.14)

according to the zeroth moment of the DSD. In contrast to this, the definition of a

characteristic drop size, that is proportional to the first moment of the DSD, is less

intuitive. One possible expression, that will be used throughout here, is realized by the

mass-weighted mean drop diameter Dm. It is defined by

Dm =
m4

m3

=

∫ ∞
0

N(D)D4 dD∫ ∞
0

N(D)D3 dD

(2.15)

and measured in units of mm. Other useful quantities are the median drop diameter

D0, that divides the distribution of liquid water content L into halves, or the number -

weighted mean drop diameter given by m1/m0 which corresponds to the simple arithmetic

mean. Nevertheless, Dm is the most appropriate measure due to its reduced sensitivity to

sampling limitations of small drops, which is a common problem of DSD measurements

(Doviak and Zrnic, 2006; Steiner et al., 2004).

For comparison, the values of the introduced integral parameters for Marshall–Palmer

DSDs of typical rain rates are listed in Tab. 2.1. One can see that especially the values of

Z easily span several orders of magnitude and, therefore, the usage of dBZ units is useful.

Another interesting feature is the fact that the Marshall–Palmer parameterization of a

given nominal rain rate slightly underestimates the true rain rate which becomes even

more obvious for higher rain intensities. This can be explained by the lack of internal
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consistency (Uijlenhoet, 2001) of the Marshall–Palmer formula associated with the

parameterizations of Λ and v.

For a more in-depth interpretation of the two most important integral quantities R and

Z, it is instructive to consider their distribution over the range of drop sizes. The spectral

rain rate RD and the spectral radar reflectivity ZD are simply defined as

RD(D) =
6π

104
N(D)D3 v(D) and (2.16)

ZD(D) = N(D)D6 (2.17)

(after Doviak and Zrnic (2006)). Fig. 2.3 illustrates the spectral rain rate and radar

reflectivity for the Marshall–Palmer DSDs listed in Tab. 2.1. The area under each curve

represents the integral rain rate and radar reflectivity on a linear scale, respectively. Two

effects are common for both quantities: Due to the dependency on a high power of D,

the smallest drops of the DSD only have a small influence on the rain rate and the radar

reflectivity although their number density is by several orders of magnitudes higher than

for the larger drops. Moreover, the location of the spectral maximum shifts to larger drop

sizes for higher rain intensities and in the case of RD also corresponds well to Dm. This

is not true for ZD where the shift in the spectral maximum is greater than the increase

in Dm for higher rain intensities. The difference in the location of the spectral maxima of

RD and ZD implies that, assuming Dm is nearly equal to the median drop diameter D0,

the two halves of the total amount of liquid water contribute to nearly the same fraction

of rain rate but to considerably different fractions of radar reflectivity. In a very simplified

manner one could say that R is mainly controlled by the small drops and Z by the large

drops. Therefore, poor estimates of the number of small drops do not create large errors

in the radar reflectivity but may considerably affect the rain rate (Doviak and Zrnic,

2006).

Table 2.1: Rain rate R, radar reflectivity Z, mass-weighted mean drop diameter Dm and drop

number density NT for Marshall–Palmer DSDs of different intensities.

Nominal R R Z Dm NT

(mm h−1) (mm h−1) (dBR) (mm6 m−3) (dBZ) (mm) (m−3)

1 1.2 0.7 296 24.7 0.98 1 991

5 5.6 7.5 3 151 35.0 1.37 2 776

25 27.2 14.3 33 567 45.3 1.92 3 876

100 105.9 20.3 257 594 54.1 2.57 5 172
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2 Theoretical Background

Figure 2.3: (a) Spectral rain rate RD and (b) spectral radar reflectivity ZD for Marshall–

Palmer DSDs of different intensities (after Doviak and Zrnic (2006)). Also in-

dicated is the respective mass-weighted mean drop diameter Dm. Values of the

corresponding integral parameters are listed in Tab. 2.1.

2.3 Z–R Relationship

For most meteorological applications considering rainfall the rain rate R is of central

interest. Unfortunately, most times direct measurements of R are ground-based and only

done for a very limited number of locations. Remote sensing techniques like weather radar

observations can overcome this limitation and provide spatial measurements of rainfall

over large areas. Since only the radar reflectivity Z can be quantitatively measured and

the current DSD is usually unknown, R has to be estimated from Z by an empirical

relationship that significantly influences the result. From theoretical considerations it is

known that Z and R are related to each other by the DSD (Eqts. 2.10 and 2.12). Therefore,

perfect measurements from the same population of raindrops would always result in the

same rain rate and the same radar reflectivity. The common experience shows that this is

rarely the case and the change in rain intensity and the corresponding transformation of

the DSD leads to some sort of proportional behavior between Z and R. In a log–log plot

simultaneous measurements of Z and R usually align along an imaginary line, called Z–R

relationship. A large number of empirical studies show strong evidence for a relationship

between the radar reflectivity Z (in mm6 m−3) and rain rate R (in mm h−1) following the

12
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general form of the power law

Z = aRb (2.18)

where a is in units of mm6−b m−3 hb and b is dimensionless. Since the unit of a is unphysical

in most cases and not of special interest, a will also be treated as a dimensionless quantity

here. The Z–R relationship describes the specific kind of transformation that is undergone

by the DSD during changing rain intensities which will be discussed in more detail in

Sect. 4. Since the concentration and size of raindrops depend on the specific rainfall type

and also considerably vary in space and time, there is no universal Z–R relationship. The

two parameters a and b are highly dependent on the specific character of the rainfall regime

and strongly vary for different geographical locations, seasons and precipitation types.

Therefore, even a perfect weather radar is not able to measure the exact amount of rainfall

if the current relationship between radar reflectivity and rain rate is unknown. This fact

marks the Z–R relationships as a key factor for the radar based QPE (Uijlenhoet, 2001;

Doviak and Zrnic, 2006).

For operational radar measurements commonly climatological Z–R relationships are used

that represent the characteristics of the typical local rainfall type most adequately. This

practice leads to a large variety of Z–R relationships that impressively illustrates the

high variability of natural rainfall. Battan (1973) lists 69 different Z–R relationships

(Fig. 2.4) that have been empirically derived for various rainfall types and locations all

over the world. 25 of the 69 Z–R relationships can be unambiguously associated with a

particular rainfall type like stratiform, orographic or thunderstorm while the remaining

mainly describe mixtures of those types. Under extreme conditions the two parameters

can significantly vary from the standard Z–R relationships with exponents b ranging

between 1 for a linear Z–R relationship as proposed by List (1988) and values as high

as 2.87 (Higgs, 1952). Most often used as a standard Z–R relationship is the so-called

Marshall–Palmer Z–R relationship

Z = 200R1.6 (2.19)

(Marshall et al., 1955) maybe since it shows high similarity to most climatological

Z–R relationships for rain rates between 1 and 50 mm h−1. The relationship used by

the German Meteorological Service (Deutscher Wetterdienst, DWD) for local products of

operational weather radars is

Z = 256R1.42 (2.20)

which prefactor a and exponent b only slightly deviate from Eqt. 2.19 (Weigl, 2015).
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2 Theoretical Background

The Z–R relationship and its variability is of central importance for this thesis. While the

influence of analytical and observational uncertainties on the parameters a and b will be

discussed in Sect. 3, their interpretation regarding the underlying microphysical processes

will be addressed in Sect. 4.

Figure 2.4: Empirical power-law Z–R relationships from Battan (1973), Marshall et al.

(1955) and operationally used by the DWD. Also shown are two Z–R relationships

from List (1988) and Higgs (1952) that exhibit extreme parameters a and b (after

Uijlenhoet (2001)).
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3 Micro Rain Radar Measurements

3.1 Basic Principles of Radar Measurements

The radar measurement technique is a commonly used meteorological remote sensing

method. The main purpose of radar measurements is to perform scans of the atmosphere

in order to analyze the horizontal and vertical structure of clouds and precipitation. The

prerequisite of atmospheric radar scans is the capability of electromagnetic radiation with

the wavelength of microwaves (0.1 to 100 cm) to penetrate through clouds and raindrops

and, therefore, to get insights into the internal structure and microphysical processes of

the rainstorms. The measurement technique of typical weather radars is based on the

fact that electromagnetic waves sent out into the atmosphere are partially reflected by

the targets they penetrate. Radar echoes can be generated by meteorological targets

like rain or cloud droplets as well as by non-meteorological targets. These include static

obstacles like buildings or trees and moving objects like aircrafts, wind engines or birds.

The standard case for which the radar is designed is that the radar beam is aimed at a

sample volume of air filled with randomly distributed raindrops of different sizes. The

scattering of an electromagnetic wave by a homogeneous sphere is described by the Mie

theory that can be approximated by the Rayleigh theory for small spheres. Under this

assumption the physical properties of the reflecting particles, that mainly determine the

received radar signal, are summarized by the total backscattering cross sectional area σt

of nV drops in a defined sample volume. σt can be expressed as the sum of all individual

backscattering cross sectional area σi in units of m2 as

σt =

nV∑
i=0

σi =

nV∑
i=0

π5 |K|2D6
i

λ4
(3.1)

where |K|2 denotes the dimensionless dielectric factor of water and λ the wavelength of the

used radar signal. By re-arranging the terms of Eqt. 3.1 and subsuming the radar specific

terms such as the properties of the radar beam and its attenuation by the atmosphere

under the radar constant C (in unit of W m−1), the power received by the radar pr can

be obtained via the simplified radar equation

pr =
C |K|2 Z

r2
. (3.2)

According to Eqt. 3.2 pr is inversely proportional to the squared distance from the radar

r which dramatically decreases the received signal power for increasing ranges. Since the
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meteorological part of σi is simply given by the sixth power of the size D of each drop

and under the assumption that the observed raindrops are shaped as perfect spheres, the

integrated backscattering cross sectional area can be replaced by the already introduced

radar reflectivity Z. Nevertheless, Z exhibits a dependency on the signal wavelength

λ because the radar reflectivity measured by the radar is still generated by scattering

according to the Mie theory. Z only remains comparable for different radar systems under

the Rayleigh approximation which means that the size of the backscattering drops D is

small compared to λ. Since this requirement is not always fulfilled, especially for radars

operating with small wavelengths, the measured radar reflectivity Z should precisely

be named equivalent or effective radar reflectivity but for reasons of simplification this

differentiation will not be done here. Moreover, the scattering properties of the raindrops

are also quantified by the dielectric factor |K|2 that strongly depends on the phase of the

drops (Doviak and Zrnic, 2006; Rinehart, 2010).

3.2 Micro Rain Radar

The micro rain radar (MRR) is a radar instrument that is capable to measure highly

resolved vertical profiles of DSDs derived from the velocities of falling raindrops. Different

from conventional weather radars, the MRR is a mostly upward-looking and so-called

frequency modulated continuous wave (FMCW) radar which means that it does not send

out pulsed but continuous signals with varying frequencies. Usually a transmit signal with

linearly decreasing (saw tooth-shaped) frequency modulations is used to measure DSDs

at different height levels. The phase shift of the received signal, that is generated by an

observed (resting) target, allows to derive the corresponding time delay and, therefore,

the distance of the object from the radar. As a result of the Doppler effect, moving targets

produce an additional frequency shift that can be detected by comparing two adjacent

sweeps of the frequency modulated signal. If the additional frequency shift due to the

velocity of the falling raindrop lies within one frequency sweep, it can be separated from

the frequency shift according the range discrimination by applying a spectral analysis

on the measured power spectrum. Since the power signal is proportional to the number

density of the irregularly scattered raindrops and the relation between the drop size D

and the falling velocity v is known, the DSD at each height level can be derived from the

received Doppler velocities (METEK, 2009).

The MRR instruments used for this study are operated at a frequency of 24 GHz (K-
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band), a nominal transmit power of 50 mW and a vertically orientated offset parabolic

dish of 0.6 m diameter as an antenna (Fig. 3.1). The MRRs are able to measure vertical

profiles of DSDs with a range resolution of 35 m at 31 height levels which corresponds

to a maximum range 1085 m. The temporal resolution is 10 s. The falling velocity v

of the raindrops is analyzed in equidistant classes with a width of ∆v= 0.1905 m s−1.

All relevant MRR system parameters are summarized in Tab. 3.1. By using the known

parameterization of v after Atlas et al. (1973) in Eqt. 2.8, the velocity classes ∆v are

transformed into drop size classes ∆D via

v(D, h) = 9.65− 10.3 exp(−0.6D) δv(h) (3.3)

where the term δv(h) corrects for the height dependency of air density. Based on the

relation by Foote and duToit (1969) and under the assumption of a US Standard

Atmosphere, the correction term can be written as the second order approximation

δv(h) = 1 + 3.68 · 10−5 + 1.71 · 10−9 h2 (3.4)

where h is the height in m. Deriving Eqt. 3.3 after D delivers the width of the diameter

classes

∆D =
∆v exp(0.6D)

10.3 · 0.6 δv(h)
(3.5)

(Jacob, 2016). The DSDs can be analyzed for falling velocities v between 0.78 and

9.34 m s−1 divided into 64 classes which are not all filled in the present setup. The resulting

drop size classes (Fig. 3.2) lie in the range Dmin = 0.246 ≤ D ≤ Dmax = 5.03 mm and are

dependent on the height level (Lengfeld et al., 2014; METEK, 2009).

The great advantage of MRRs over conventional weather radars is that not only an integral

parameter of the DSD namely the radar reflectivity Z but the DSD itself is measured. The

knowledge of the DSD allows to directly calculate also other relevant rainfall parameters

to obtain insight into the microphysical processes of rainfall. Still the most important

benefit of the MRR is that at least at one location the current relationship between the

radar reflectivity Z and the rain rate R can be derived and, in contrast to weather radars,

does not have to be estimated by using climatological Z–R relationships. Compared to

in-situ raindrop measuring instruments like disdrometers, the rainfall measurement is also

performed at different heights and not only near the ground. Moreover, the derived DSDs

are statistically very stable and do not suffer from insufficient sampling of the raindrop

population especially in light rain situations. Since the typical sample volume (104 m3)

is by orders of magnitude larger compared to other instruments like disdrometers and
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Figure 3.1: Typical MRR installation

(Photo by B. Kirsch).

Table 3.1: MRR performance parameters

(METEK, 2009).

Performance Parameter Specification

Range Resolution 35 m

Maximum Range 1085 m

Height Levels 31

Time Resolution 10 s

Transmit Power 50 mW

Frequency 24 GHz

Minimum Velocity 0.78 m s−1

Maximum Velocity 9.34 m s−1

Velocity Resolution 0.1905 m s−1

Drop Size Classes 64

the measurement can be repeated and averaged several times per second, the influence

of statistical fluctuation is significantly reduced. The relative high frequency used in

MRRs also allows to observe very small raindrops with high sensitivity. The disadvantage

of high-frequency signals is the large impact of attenuation which limits the maximum

range to a few kilometers. Apart from the typical uncertainties of radar instruments,

MRR measurements can also be misled by the influence of vertical wind. Since the

parameterization of the falling velocity only holds in stagnant air, the estimated drop

sizes can be considerably misinterpreted in the presence of vertical air motion. Upwinds,

that are typical for convective rain showers, would lead to a slowing down of the raindrops

and, therefore, to an underestimation of their size whereas downwinds would lead to an

overestimation of the drop sizes. Another limiting factor of MRR measurements is the

ice phase. Especially slowly falling and melting snowflakes with high radar reflectivities

lead to a considerable overestimation of the actual rain rate (METEK, 2009).

3.3 Data Description

The measurement data presented in this work originate from the project Precipitation and

Attenuation Estimates from a High-Resolution Weather Radar Network (PATTERN).

The PATTERN network is a network of several meteorological observation sites in North-
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Figure 3.2: Drop size classes for every MRR height level (grey lines). Black lines indicate the

smallest and largest detectable drop size Dmin and Dmax, respectively.

ern Germany that is run by the University of Hamburg and the Max-Planck-Institute

for Meteorology in Hamburg. It mainly consists of five high-resolution X-band local area

weather radars (LAWRs) that are located about 50 km north-west of Hamburg and in the

center of Hamburg. The LAWRs of the PATTERN network are observing precipitation

with a temporal resolution of 30 s, an azimuthal resolution of 1◦ and a spatial resolution

of 60 m with a maximum range of 20 km. A detailed description of the project is provided

by Lengfeld et al. (2014). The present study will focus on the seven MRRs that have

been installed at the four radar sites Hungriger Wolf Messfeld (HWM; located near the

actual radar tower HWT), Moordorf (MOD), Quarnstedt (QNS) and Bekmünde (BKM)

and three reference stations Kellinghusen (OST), Oelixdorf (MST) and Itzehoe (WST)

that are all located near the city of Itzehoe (Fig. 3.3). The exact positions of the MRR

stations are listed in Tab. 3.2.

The basis for the data analysis are the vertical profiles of DSDs from the MRR measure-

ments that allow to calculate all relevant integral rainfall parameters. However, for this

purpose the integrals introduced in Sect. 2.2 need to be converted into discrete summa-

tions over the MRR drop size classes. The rainfall parameters can be then calculated

using

R =
6π

104

64∑
i=1

Ni(Di)D
3
i v0D

p
i ∆Di (3.6)
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Figure 3.3: Position of the seven PATTERN MRR measurement sites (yellow circles). Also

indicated are of the four X-band LAWRs (red dots), the reference stations (green

dots), the Hamburg LAWR (blue dot) and the 20 km range of the LAWRs

(Lengfeld et al., 2014).

Z =
64∑
i=1

Ni(Di)D
6
i ∆Di, (3.7)

NT =
64∑
i=1

Ni(Di) ∆Di and (3.8)

Dm =

64∑
i=1

Ni(Di)D
4
i ∆Di

64∑
i=1

Ni(Di)D
3
i ∆Di

(3.9)

where the index i iterates through the drop size classes. Actually, the parameterization of

the falling velocity v in the calculation of the rain rate R (Eqt. 3.6) is inconsistent with the

velocity parameterization that is assumed for MRR internal determination of the DSDs

(Eqt. 3.3). The more simple approximation after Atlas and Ulbrich (1977) will be still

used here since Uijlenhoet (2001) showed that Eqt. 2.7 is the only parameterization of

v that is consistent with a power-law Z–R relationship (Eqt. 2.18). Moreover, Eqt. 3.6 is

consistent with further analyses that will be introduced in Sect. 4.

Since radar instruments measure a continuous signal, regardless whether precipitation is
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Table 3.2: Geographical coordinates and calibration coefficient CMRR of the PATTERN MRRs.

Station Name Acronym Latitude (°N) Longitude (°E) CMRR (–)

Hungriger Wolf Messfeld HWM 53°59’51.42” 09°34’00.20” 0.472063

Moordorf MOD 53°54’08.74” 09°37’06.01” 0.851138

Quarnstedt QNS 53°56’35.22” 09°47’54.37” 1.285290

Bekmünde BKM 53°55’52.86” 09°26’45.25” 1.794730

Kellinghusen OST 53°56’30.17” 09°43’01.63” 0.967592

Oelixdorf MST 53°55’18.75” 09°34’53.25” 1.486292

Itzehoe WST 53°55’49.99” 09°29’04.89” 0.898843

present or not, it is a crucial step to define a limit that separates the actual rain signal

from noise or other erroneous signals that have not been removed by the internal noise

detection of the instrument. The most simple way is to establish a specific rain rate R to

perform this distinction. In this study only time steps with a rain rate greater or equal

to

Rlim = 0.1 mm h−1 (3.10)

are considered and analyzed as rainfall. This value corresponds to the typical resolution

of rain gauges and is commonly used limit for such analyses (e. g. Campos and Za-

wadzki (1999)). Additionally, time steps, that do not exhibit finite values for either of

the four introduced integral parameters, are neglected. Assuming a climatological Z–R

relationship like Eqt. 2.20 the value of Rlim is equivalent to a radar reflectivity of about

9.9 dBZ. In general, radar measurements are more or less affected by noise and clutter

and, therefore, even the usage of a higher detection limit could not eliminate all erroneous

data. Since the the near field and the far edge of the radar beam are usually heavily con-

taminated by those undesired influences, the lower and upper two levels of the MRR

profiles are generally neglected here. Due to the internal correction of the detected noise

level, even unphysical values like negative drop number concentrations can appear in the

dataset which still should not be removed to avoid biased data. Therefore, especially

measurement data at low rain intensities should always be treated with caution.

The MRR data are calibrated with rainfall data from other nearby instruments of the

PATTERN project. The calibration procedure is the following: The rain rate measured

at the lowest level of MRRs at the reference stations OST, MST and WST is corrected

with local rain gauge measurements on the basis of three-hour averages. The corrected

radar reflectivity at the respective intersection height of the MRRs is then used to calibrate
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the X-band radars while these provide the calibration constants for the other four MRRs

at HWM, MOD, QNS and BKM (Lengfeld et al., 2014). Since the rain rate R and

the radar reflectivity Z are integral parameters of the DSD, the resulting calibration

coefficients CMRR can also be used to correct the measured DSDs N(D) via

Nc(D) = CMRRN(D) (3.11)

where Nc(D) denotes the calibrated DSD. On basis of the corrected DSD the integral

parameters are then calculated as described in Eqts. 3.8–3.7. In the same manner as

R and Z, the drop number density NT shows the same multiplicative dependency on

the calibration coefficient CMRR while the mass-weighted mean drop diameter Dm stays

unaffected by the calibration. The derived calibration coefficients (Tab. 3.2) are valid for

the entire dataset investigated here.

The measurement data presented in this thesis have been recorded between 1st April and

30th September 2013. Fig. 3.4 provides an overview of the available data and rainfall

statistics within the analyzed 183-days period. For most the MRR stations the data

availability is near or well above 90 % which allows a representative view on the dataset.

Only the station QNS (63 %) and BKM (60 %) exhibit larger gaps in their measurement

coverage. The rainfall statistic during this period shows similar properties for all seven

MRR stations. About half of the analyzed days saw rainfall frequencies consistent with

Eqt. 3.10 below 1 % which can be considered as rain-free days. On most of the rainy

days it only rained less than half the time of the day while only on a few number of

days the precipitation lasted more than 12 hours in total. The statistic of the daily total

rainfall, which is the sum of all rain rates R ≥ Rlim, shows an analog structure. On at

least half of the days negligible small rainfall sums were detected and most of the rainy

days saw rain accumulation below 25 mm. No more than 6 days (HWM) had rainfall

totals above this value. The exact rainfall statistic for each station based on the 10 s time

steps is summarized in Tab. 3.3. For most of the stations between 1.4 and 1.6 million

data points are available while only QNS and BKM exhibit considerably smaller numbers

due to relatively large gaps in the measurement coverage. At the stations with nearly

complete data coverage, rainfall was observed for around 110 000 of the measurements

which corresponds to a relative rainfall frequency of about 7 %. Larger discrepancies

among the different stations are present for the total rainfall that fluctuates between

231 mm (QNS) and almost 700 mm (HWM). Since all seven stations are located not more

than 25 km apart from each other, natural variations in the spatial rainfall distribution

can be excluded as an explanation. While at QNS and BKM many rainfall events have not
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been recorded, for the other stations the differences are probably the result of inadequate

calibration or the general inaccuracies of radar measurements.

Figure 3.4: Number of days with available measurement data classified into daily rainfall fre-

quency and total rainfall for height level 5 (h = 175m) and all seven MRRs between

1st April and 30th September 2013. Also indicated is the data availability relative

to the entire period on a daily basis.

3.4 Derivation of Z–R Relationships

Simultaneous data of rain rate R and radar reflectivity Z from DSD measurements can be

used to derive the corresponding Z–R relationship. Due to the high natural variability of

the DSD, different dependencies on the DSD and several measurements issues, the values

of Z and R in a log–log plot are more or less heavily scattered around the imaginary line

that represents the Z–R relationship. Its derivation is usually done by a linear regression

of the form

10 log10(R) = α + β 10 log10(Z). (3.12)
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Table 3.3: Total number of available time steps, number of time steps with rainfall, correspond-

ing rainfall frequency and total rainfall for height level 5 (h = 175m) and all seven

MRRs between 1st April and 30th September 2013.

MRR Total Number of Number of Rainfall Rainfall Frequency Total Rainfall

Time Steps Time Steps (%) (mm)

HWM 1 495 261 108 150 7.2 692

MOD 1 375 852 102 881 7.5 361

QNS 992 112 58 953 5.9 231

BKM 945 241 46 535 4.9 260

OST 1 526 374 101 526 6.7 477

MST 1 513 852 109 159 7.2 506

WST 1 558 510 112 358 7.2 449

The parameters a and b of the power-law Z–R relationship (Eqt. 2.18) are determined

by the position of regression line within the log–log plot. Variations of parameter a are

associated with a vertical shift of the line while small values of a correspond to a large

rain rate for a given radar reflectivity and the opposite is true for large values of a. The

parameter b controls the slope of the line where a small b corresponds to a steep line and

an increase of b to a clockwise tilt. The two parameters of the Z–R relationship in linear

units can be obtained from the regression coefficients α and β via

a = 10−0.1α/β and (3.13)

b =
1

β
. (3.14)

This linear regression minimizes the relative error of Z and R on a logarithmic scale

which results in a Z–R relationship for precise rain rate estimations. Alternatively, a and

b could also be directly calculated from a non-linear regression of Z and R on a linear

scale. This method would minimize the absolute error between Z and R which would lead

to a Z–R relationship that allows better estimations of the rain accumulation. Since the

Z–R relationship is mainly used to derive an unknown rain rate from a measured radar

reflectivity, R is usually assumed to be a function of Z. Nevertheless, it is also possible to

switch the reference variable and apply an inverted linear regression to the data. In the

case of a high correlation between Z and R both regression types yield nearly the same

result. But the difference between these two methods increases with increasing scatter of

the data around the regression line which has to be kept in mind for less homogeneous

rainfall (Campos and Zawadzki, 1999; Doelling et al., 1998). This scatter is a measure
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of the uncertainty of the derived Z–R relationship and is called residual variance s2R. It

is defined by

s2R =
1

n− 2

n∑
i=1

(Ri −RZ,i)
2 (3.15)

where n is the number of measurements and RZ denotes the rain rate that is predicted by

the Z–R relationship for a given radar reflectivity. Based on this, the standard deviations

σα and σβ of the regression coefficients α and β can be calculated over

σα = sR


n∑
i=1

Zi
2

n
n∑
i=1

(Zi − Z)2


1/2

and (3.16)

σβ =
sR(

n∑
i=1

(Zi − Z)2

)1/2
. (3.17)

Note that all values of Z and R are in logarithmic units here. The corresponding uncer-

tainty intervals of the Z–R parameters a and b can then be obtained from Eqts. 3.13 and

3.14 (Wilks, 2011). According to literature, a and b can be estimated with an uncertainty

of approximately ±30 % and ±0.1, respectively (Steiner et al., 2004).

The sources of uncertainty regarding the estimation of the Z–R relationship can be ma-

nifold. One of the most important requirements for a robust estimate is a large sample of

raindrops under the assumption of steady conditions to obtain representative values of the

DSD and to reduce the dispersion of the dataset. As mentioned before, even for relatively

short integration times, MRRs generally provide statically stable DSDs due to their large

sampling volume compared to other instruments. Nevertheless, investigations showed

that the variance of the Z–R relationship increases with increasing sampling volume

of the instrument which can only be explained by a decrease of statistical correlation

within the sampling volume. This fact illustrates the high spatial inhomogeneity that

is inherent to precipitation. Moreover, the uncertainty of the Z–R relationship can be

drastically reduced if it is rather derived from synchronous samples of the same population

than from separate radar and rain gauge measurements that are collected at different

locations (Campos and Zawadzki, 1999; Krajewski and Smith, 1991). For a more

accurate estimation of the Z–R relationship it is also possible to artificially reduce the

scatter of the measurement data. One example for this kind of method is the so-called

sequential intensity filtering technique (SIFT) first introduced by Lee (2003). This noise
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filtering technique effectively reduces the variance in the Z–R domain by applying a

moving average of defined length on the intensity-sorted rain rate or radar reflectivity

values.

The determination of integral rainfall parameter and, therefore, the Z–R relationship also

underlies several systematic conditions that are determined by the measuring instrument.

An important problem, that is inherent to all measurements of DSDs, is the truncation

of the range of drop sizes due to instrumental limitations. Since the integration of the

DSD can only be carried out for drop sizes between the lower bound Dmin and the up-

per bound Dmax, the calculation of the integral rainfall parameters leads to erroneous

results. Fig. 3.5 illustrates the truncation effect on the introduced rainfall parameters for

Marshall–Palmer DSDs of different intensities as a function of the drop size of truncation

at the small-diameter and large-diameter end of the spectrum. The first important aspect

is that higher moments of the DSD like the radar reflectivity Z are generally more effected

by a truncation of the largest drops while the opposite is true for the lower moments like

the drop number density NT . The same effect can be observed comparing DSDs of dif-

ferent rain intensities since the mass center of the spectral rainfall parameters shifts to

larger drop size for higher intensities as already stated in Sect. 2.2. Another interesting

aspect is that the mass-weighted mean drop diameter Dm tends to be overestimated for

truncations at the small-diameter end of the DSD as a consequence of its definition while

all other parameters are generally underestimated due to the truncation. Two results of

this investigation are of special interest for practical rainfall measurements. First, for high

rain intensities the radar reflectivity in linear units tends to be considerably underesti-

mated (by up to 20 %) for truncations at the large-diameter end. Nevertheless, this effect

becomes negligible if Z is considered in logarithmic units which is to a smaller extent also

true for the rain rate (not shown). Second, in contrast to the other integral parameters,

the estimation of the drop number density NT is highly sensitive to truncations at the

small-diameter end of the DSD. For low rain intensities this can lead to an underestima-

tion of the true value of more than 50 %. The theoretical study for general gamma DSDs

done by Ulbrich (1985) yields similar results. Furthermore, this study also investigated

the influence of the truncation effect on the Z–R relationship. While the exponent b is not

affected by instrumental limitations, the prefactor a tends to be slightly overestimated

for DSDs with a shape factor µ ≥ 0. Moreover, Doelling et al. (1998) showed that

the possible range of the Z–R domain for disdrometer measurements is determined by

the prescribed drop size classes of the measured DSD. The largest possible rain rate for

a given radar reflectivity is produced by DSDs that only contain drops of the smallest
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drop size class. These correspond to a linear (b = 1) Z–R relationship with a very small

parameter a. The other limiting case, the largest possible radar reflectivity for a given

rain rate, is generated by theoretical one-drop DSDs for each drop size class which would

lead to extremely large parameters a and b.

Figure 3.5: Ratio between the truncated and untruncated rainfall parameters (a) rain rate

R (in mm h−1), (b) radar reflectivity Z (in mm6 m−3), (c) mass-weighted mean

drop diameter Dm and (d) drop number density NT of Marshall–Palmer DSDs

corresponding to different intensities for truncations at the small-diameter (dotted

lines) and large-diameter end (dashed lines) of the spectrum dependent on drop

size of truncation.

Another effect that has significant impact on the Z–R relationship is the calibration of the

measurement data. By combining the definitions of the Z–R relationship (Eqt. 2.18) and

the calibration coefficient CMRR (Eqt. 3.11), it can be easily derived that the calibrated

parameter ac is defined by

ac = aCMRR
1−b (3.18)

while the calibrated parameter bc is equal to b. After these considerations it becomes

clear that the multiplicative factor a of the Z–R relationship is much more sensitive to
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instrumental influences than the exponent b. Therefore, estimations of a from measure-

ment data and especially comparisons between different measurements systems have to

be done accurately (Doelling et al., 1998).
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4 Analysis of Modal Z–R Relationships

4.1 Identification of Rainfall Regimes

Although some of the uncertainty of the Z–R relationship is artificially generated by

measurements limitations, the most important part of its variability is naturally caused.

Due to the inherent small-scale inhomogeneity of rainfall, the generating processes of the

DSD can change within very short time ranges. The aim of this thesis is the analysis of

different rainfall regimes that in some cases become clearly visible as distinct modes in

the Z–R relationship (Fig. 1.1). While the different modes can be easily identified by eye

inspection of the Z–R plot, it is still desirable to systematically separate them based on

rainfall parameters that allow a meaningful interpretation of the specific rainfall regimes.

In the following, three separation methods will be introduced where the first two methods

aim to identify and interpret rainfall regimes and the third method is rather designed to

detect transitions between different modes of the Z–R relationship. Later on, the three

methods will be applied to selected rainfall events and compared regarding their ability

to separate modal Z–R relationships and detect transitions between different modes.

4.1.1 Method 1: Stratiform–Convective Classification

The first method originates from the most intuitive and widely used classification of

rainfall, namely the distinction between stratiform and convective precipitation. While

this classification is mostly done qualitatively based on the intensity and spatial structure

of the rainfall, Tokay and Short (1996) derived an objective criterion that depends on

common rainfall parameters. For this purpose they analyzed events of tropical oceanic

precipitation that meet the requirements of Waldvogel (1974)’s N0 jumps, namely a

rapid and drastic change of the DSD intercept parameter N0 for an almost constant rain

rate R. They found two temporally consecutive regimes, dominated by on the one hand

small to medium-sized and on the other hand large raindrops that can be separated by

the empirical dependency

N0 = 4 · 109R−4.3. (4.1)

Since N0 spans several orders of magnitude and can only be poorly estimated from mea-

surement data, Testud et al. (2001) showed that the criterion can be equivalently ex-
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pressed as

R = 1.64Dm
4.25. (4.2)

As shown in the example in Fig. 4.1, DSDs with R for a given mass-weighted mean drop

diameter Dm lower than Eqt. 4.2 are considered as stratiform, all others as convective.

The advantage of this expression is that the parameters R and Dm are intuitive and can

be easily and robustly measured. Moreover, this classification is a much more realistic

representation of natural rainfall than a simple threshold criterion for R. It includes

the fact that the life cycle of a convective cell is not limited to high intensities but also

allows very low rain rates while with higher intensities precipitation is still more likely

to be convective. Nevertheless, it is still possible for stratiform rainfall to exhibit higher

rain rates than convective rain. This definition of stratiform and convective precipitation

may collide with the common intuition since convective rainfall is mainly assumed to be

associated with large drops. But following Eqt. 4.2, stratiform rainfall produces larger

drops than convective rainfall of the same rain rate. This paradox can be solved by the

fact that convective rain is mostly associated with higher rain rates and, therefore, an

objective comparison with stratiform rainfall can be rarely done. Generally, one can say

that convective rainfall with high intensities in generated by a large number of small drops

while the opposite is true for stratiform rain. An explanation and interpretation of this

definition of stratiform and convective precipitation will be provided in Sect. 4.3.

4.1.2 Method 2: Distribution of Z–R Parameter a

The second separation method is based on the frequency distribution of the multiplica-

tive factor a of the Z–R relationship. Since the Z–R relationship is defined by its two

parameters a and b, it is consequent to analyze these quantities for the separation of

modal Z–R relationships. An investigation by Doelling et al. (1998) showed that under

natural conditions b typically ranges between 1.4 and 1.6 and its variations are mostly

small compared to a. Even setting b to the fix value of 1.5 is a valid assumption that

would considerably simplify practical applications of the Z–R relationship. Therefore, the

main part of the variance in the Z–R relationship is controlled by a which is a reasonable

argument to concentrate on this parameter. Usually, the parameters a and b of the Z–R

relationship are obtained from a linear regression and are assumed to be valid for all

included data points. Nevertheless, it is also possible to determine one of the two para-

meters for each data point by fixing the other parameter and hence, directly calculate the

current relation between the radar reflectivity and the rain rate. Especially considering
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Figure 4.1: Classification of stratiform and convective rainfall after Eqt. 4.2 for height level 10

(h = 350m) of the WST-MRR on 25th September 2013.

the results of Doelling et al. (1998), this is a valid approach but to obtain a microphy-

sical interpretation of the modal Z–R relationships it is more instructive to relate a and b

to known rainfall parameters. While Uijlenhoet (2001) provided this interpretation for

exponential DSDs, Steiner et al. (2004) developed a model that is independent of the

general form of the DSD. Based on a gamma DSD (Eqt. 2.4), they analytically derived the

existence of three distinct modes of the Z–R relationship that are characterized by the

systematic variations of the size and number of raindrops. While the variability of DSDs

corresponding to a number-controlled Z–R relationship is entirely governed by variations

of the drop number density NT under conservation of the characteristic drop size Dm,

the opposite is true for a size-controlled Z–R relationship. In between these two limiting

cases, the mixed-controlled mode describes the coordinated transformation of a DSD in a

way that the intercept parameter N0 stays constant. The derivation of the three described

Z–R modes is mainly based on the substitution of the integral over the gamma DSD by

the gamma function Γ(n+ 1) =
∫∞
0

exp(−x)xndx. This allows to express NT and Dm in
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terms of the shape parameter µ and the slope coefficient Λ as

NT =
N0

Λ1+µ
Γ(1 + µ) and (4.3)

Dm =
4 + µ

Λ
. (4.4)

In a similar fashion, this concept can be used to define the radar reflectivity Z and the

rain rate R dependent on NT and Dm. Finally, the parameters a and b of the number-

controlled and the size-controlled Z–R relationship are obtained when the new definition

of R is solved for NT and Dm, respectively, and substituted into the expression for Z. In

a slightly modified way, the mixed-controlled mode can be derived when NT and Dm are

substituted for N0 by combining Eqts. 4.3 and 4.4. Under the assumption of a constant

shape parameter µ, the parameters amc and bmc of a mixed-controlled Z–R relationship

are then given by

amc = Γ(7 + µ)

(
104

6πv0

1

Γ(4 + p+ µ)

) 7+µ
4+p+µ

(
Γ(1 + µ)

(4 + µ)1+µ
Dm

1+µ

NT

) 3−p
4+p+µ

and (4.5)

bmc =
7 + µ

4 + p+ µ
(4.6)

where v0 = 3.778 m s−1 mm−p and p = 0.67 are the parameters of the velocity parameteri-

zation after Atlas and Ulbrich (1977) in Eqt. 2.7. According to Eqt. 4.5, the variability

of amc is mainly controlled by a combination of the parameters NT and Dm. Depending

on the constant shape parameter µ, amc is roughly linearly related to the mean drop size

and to the inverse of the drop number density and, therefore, shows a highly variable

behavior. In contrast to this, the exponent b of the Z–R relationship fluctuates much less

and rather characterizes the specific microphysical mode. While the number-controlled

case always leads to a linear Z–R relationship, meaning bnc = 1, the size-controlled case

is described by a power-law relationship with a fixed exponent bsc = 6/(3 + p) = 1.63.

Therefore, these limiting cases define the physically valid range of bmc that after Eqt. 4.6

depends on µ (Fig. 4.2). For large values of µ, bmc asymptotically approaches the lower

bound of bnc = 1 whereas for small negative values of µ the upper bound defined by

bsc = 1.63 is rather a consequence of the model definition than a mathematical boundary.

Since the sensitivity of bmc on µ dramatically increases for decreasing shape factors until

bmc is no longer defined for µ = −(4+p), virtually all negative values of µ can be ignored.

Interestingly, bmc becomes 1.5 for the special case of an exponential DSD (µ = 0) which

corresponds well to the value suggested by Doelling et al. (1998). A more in-depth

microphysical interpretation of the concept after Steiner et al. (2004) and a comparison

with measurement results will be provided in Sect. 4.3.
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Figure 4.2: Exponent bmc of a mixed-controlled Z–R relationship dependent on shape para-

meter µ after Eqt. 4.6. The physically valid range of bmc, limited by the number-

and size-controlled exponents bnc = 1 and bsc = 1.63, respectively, is indicated

by a solid line and the physically invalid range by a dashed line. The dotted line

marks µ = −(4+ p) where bmc is undefined. The black dot at µ = 0 and bmc = 1.5

indicates the case of an exponential DSD (after Steiner et al. (2004)).

For the application of this concept on the separation of modal Z–R relationships, the

parameter a needs to be determined from the measured DSDs. Since the mixed-controlled

mode realizes a mixture of two extreme cases, it seems most appropriate to describe

common real-nature processes. To obtain amc after Eqt. 4.5, the shape factor µ has to

be calculated from the measured DSDs. This can be done with the so-called method

of moments introduced by Ulbrich and Atlas (1998). After determining the ratio of

moments η, that can also be expressed in terms of µ and is defined by

η =
m4

2

m2m6

=
(3 + µ)(4 + µ)

(5 + µ)(6 + µ)
, (4.7)

µ is given by

µ =
(7− 11 η)−

√
(7− 11 η)2 − 4 (η − 1)(30 η − 12)

2 (η − 1)
. (4.8)

Values of µ smaller than −4 and and greater than 20 are ignored to avoid unphysical

solutions which corresponds to the typical range of µ cited in literature. As already

stated, for values of µ equal to or lower than −(4 + p), bmc is not defined or smaller than

1, respectively, which is a microphysically invalid solution. Furthermore, for large values
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of µ, that are rarely observed in nature, the solution for amc becomes numerically unstable.

To be consistent with the theory of Steiner et al. (2004), DSDs with bmc greater than

bsc and smaller than bnc are neglected. Generally, µ is assumed to be estimated with an

uncertainty of ±2.

The separation of the single Z–R modes is done on basis of the calculated values of amc

of one day. In the case of a bimodal Z–R relationship the superposition of two different

rainfall regimes produces a frequency distribution of amc that exhibits two distinct maxima

(Fig. 4.3). Therefore, in a simplified fashion this frequency distribution can be understood

as the distribution of the data points around a tilted line that roughly corresponds to

the global Z–R relationship. For reasons of simplicity, rare cases with a higher number

of modes are not treated separately here. After applying a running mean smoothing

procedure, the frequency distribution is used to define the value amc,sep that separates the

two regimes of amc. This limit is determined individually for every day by an algorithm

that scans the distribution for its strongest local minimum that is lower than 80 % of

the distributional maximum. To avoid undesired artifacts due to small frequencies at the

right-tail end of the distribution, only limits for amc < 200 are considered. If no local

minimum is found, amc,sep is set to zero which suppresses the separation of two modes.

Figure 4.3: Smoothed and unsmoothed frequency distribution of amc and its separation value

amc,sep for height level 10 (h = 350m) of the WST-MRR on 25th September 2013.
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4.1.3 Method 3: Running Z–R Correlation

The third method applied here is based on the fact that a Z–R relationships is mainly

characterized by a strong proportionality between radar reflectivity Z and rain rate R.

Assuming that DSDs of the same modal Z–R relationship are grouped into separate time

intervals with a constantly high correlation coefficient between Z and R, then transitions

between different Z–R modes have to be indicated by a significant decrease in the correla-

tion coefficient. Therefore, the dataset can be divided into periods of temporal stable and

unstable Z–R relationships which still does not give any information whether detected

periods of stable Z–R relationships belong to the same mode. This method introduced

by Clemens et al. (2008) is applied to the measurement data by calculating the running

correlation coefficient rZR between Z and R for a time window of 15 minutes correspond-

ing to nr = 91 measurements. Since the sample size nr is too small to derive a statistically

stable correlation coefficient, it is reasonable to quantify its uncertainty and construct a

confidence interval (CI) around rZR. This can be done by using Fisher’s z-transformation

defined by

zr =
1

2
ln

(
1 + rZR
1− rZR

)
(4.9)

which calculates the test statistic zr of a z-test. The CI of rZR is then determined by

constructing the CI for zr via

CI =

[
tanh

(
zr −

z√
nr − 3

)
, tanh

(
zr +

z√
nr − 3

)]
(4.10)

and re-transforming it to the rZR-scale by inverting Eqt. 4.9. Here a z-score correspond-

ing to a 99 %-confidence interval is used. The transition zone between two stable Z–R

relationships is characterized by a decline of the correlation coefficient below a certain

threshold that has to be defined. One approach, that will be used here as a first appro-

ximation, is to test whether the correlation coefficient rZR is significantly different from

zero. This means that the strength of the linear relationship between Z and R in loga-

rithmic units is large enough to apply a valid regression to the data. As a threshold for

this test serves the so-called critical correlation rcrit that can be obtained by performing

a t-test on rZR and inverting the test statistic qt corresponding to the 99 %-confidence

interval given by

qt =
rcrit
√
nr − 2√

1− rcrit2
(4.11)

via

rcrit = ± qt√
nr − 2 + qt2

(4.12)
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(Kleinbaum et al., 1988). For nr=91 this corresponds to a critical correlation of rcrit =

0.269. Only time steps with a correlation coefficient rZR > rcrit are considered as intervals

with a stable Z–R relationship. Furthermore, intervals shorter than nr are neglected. As

a modification of this algorithm by Clemens et al. (2008), rZR is only calculated for time

steps that meet the definition of rainfall according to Eqt. 3.10. This prevents an increase

of rcrit due to the decrease of nr at the end of each rain interval and allows Z–R modes to

be interrupted by rain-free periods. Another approach to define stable Z–R relationships

is to consider the fraction of variance in the logarithmic Z–R space that can be explained

by the linear regression model of the Z–R relationship. A more strict but still arbitrary

requirement would be an explained variance of 50 % or 75 % which corresponds to a

correlation coefficient of 0.707 and 0.866, respectively. Fig. 4.4 exemplarily visualizes the

application of Z–R correlation method on measurement data. The introduced thresholds

of this method will be further discussed in Sect. 4.4.

Figure 4.4: Time series of running correlation coefficient rZR (black line) and its 99 %-

confidence interval (shaded area) for height level 10 (h = 350m) of the WST-MRR

on 25th September 2013. Also indicated are the critical correlation rcrit (blue solid

line) and the correlation values corresponding to 50 % (blue dashed line) and 75 %

explained variance (blue dotted line). The stripe on top of the plot visualizes the

classification after Method 3 for each time step where periods of stable Z–R re-

lationship with rZR > rcrit are marked in magenta and periods of unstable Z–R

relationship with rZR ≤ rcrit in cyan. The hatched period exhibits rZR > rcrit but

is considered as too short for a stable Z–R relationship.
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4.2 Separation of Modal Z–R Relationships

In the following, the introduced separation methods are applied to three selected days of

rainfall data in order to discuss the advantages and disadvantages of each method. While

the first two cases exhibit the phenomenon of bimodal Z–R relationships, the last case

aims to investigate if the three methods are also able to properly handle the standard

situation of a unimodal Z–R relationship.

4.2.1 Case A: Widespread Rainfall Followed by Showers

On 25th September 2013, the first analyzed day, the WST-MRR measured a total rainfall

of 11.8 mm within a time range of about 16 hours (Fig. 4.5a–b). Around 08:00 UTC

the rainfall event started with short intervals of light rainfall with a rain rate R of less

than 1 mm h−1 followed by an eight-hour period of almost continuous precipitation with

an intensity of up to 4 mm h−1. After a rain-free period of about one hour, starting

around 21:00 UTC the rain rate was observed to become unsteady with several peaks of

up to 10 mm h−1. For the entire rainfall event the radar reflectivity Z never exceeded a

value of 35 dBZ. The spatial distribution of Z on this day measured by the HWT-LAWR

(Fig. 4.6) confirms the first assumption that the period between 11:30 and 19:00 UTC was

characterized by relatively uniform widespread precipitation while the late evening hours

were dominated by short and intensive rain showers.

The scatter plot of Z and R for this case (Fig. 4.7) shows two modes of the Z–R re-

lationship where one compact mode is roughly orientated along the climatological Z–R

relationship and the other more scattered mode exhibits higher rain rates for a given

radar reflectivity. Both Method 1 and 2 capture the separation of the different modes

very well. Following this distinction, the convective precipitation after Method 1 can be

associated with Mode 1 after Method 2 while the stratiform precipitation corresponds to

Mode 2. Therefore, the two regimes visible in R–Dm space (Fig. 4.1) are responsible for

the generation of two distinct peaks in the distribution of amc (Fig. 4.3). As already men-

tioned, the different regimes are also easily detectable from the time series of the rainfall

parameters. In addition to the increased variability of R and Z, values of amc lower than

amc,sep can only be observed after 19:00 UTC despite the generally unsteady character of

this quantity (Fig. 4.5c). In correspondence to this, the time series of the method classifi-

cations (Fig. 4.5e) supports the finding that the stratiform and convective regimes are also
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Figure 4.5: Time series of (a) rain rate R, (b) radar reflectivity Z, (c) multiplicative factor amc

of a mixed-controlled Z–R relationship and its separation value amc,sep (dashed

line), (d) running correlation coefficient rZR (black line), its 99 %-confidence in-

terval (shaded area), critical correlation rcrit (blue solid line), 50 % (blue dashed

line) and 75 % explained variance (blue dotted line) and (e) classification after

Methods 1 (blue=stratiform, red=convective), 2 (green=Mode 1, orange=Mode 2,

grey=unclassified) and 3 (magenta=stable, cyan=unstable Z–R relationship) for

height level 10 (h = 350m) of the WST-MRR on 25th September 2013.
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(a) (b)

Figure 4.6: Spatial distribution of radar reflectivity Z measured by the HWT-LAWR at

(a) 17:00 and (b) 22:40 UTC on 25th September 2013. Also indicated are the po-

sitions of the HWT-LAWR (black square) and the WST-MRR (red dot) and the

20 km ranges of the PATTERN LAWRs (black circles).

temporally separated. In summary, the two modes identified in the Z–R relationship can

be associated with the period of widespread and stratiform rainfall of moderate intensity

before 19:00 UTC and the period of stronger convective showers thereafter.

The interpretation of Method 3 is a bit more challenging. Defining rcrit as a threshold,

the correlation rZR indicates several periods of a stable relationship between Z and R

that mostly last for at least one hour (Fig. 4.5d–e). Nevertheless, it is striking that almost

all periods of unstable Z–R relationship are confined to the stratiform mode while the

convective modes exhibits a constantly high correlation after 21:00 UTC. At first glance,

this is counterintuitive to the highly variable character of convective rain showers but also

shows that microphysical homogeneity cannot be generally derived from the macrophysical

structure of the radar reflectivity field. Unfortunately, the classification in Z–R space

after Method 3 (Fig. 4.7c) does not deliver the desired information related to the stability

of the Z–R relationship. As mentioned in Sect. 4.1.3, one would actually expect that

the transition zone between different modes of the Z–R relationship are indicated by

a significantly decreased correlation coefficient rZR. Therefore, data points associated

with an unstable Z–R relationship would be located in between the two regimes in Z–R

space. It is surprising that the seemingly stable Z–R relationship of the stratiform mode

is interspersed with clusters of unstable data points independent of the rain intensity.

Assumedly, these clusters can rather be identified as periods of roughly constant rain

intensity where the main variability is not confined along the current Z–R relationship
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but dominated by statistical fluctuations of the rainfall parameters. Since also other cases

show that Method 3 does not deliver further information regarding the separation of Z–R

modes, the corresponding scatter plot will not be analyzed for Cases B and C.

Figure 4.7: Scatter plot of radar reflectivity Z and rain rate R and classification after

(a) Method 1, (b) 2 and (c) 3 for height level 10 (h = 350m) of the WST-MRR

on 25th September 2013. Grey points in (b) indicate measurement data that is

not classified according to the definition of Method 2. For comparison also the

climatological Z–R relationship used by the DWD is shown.
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4.2.2 Case B: Mixed Precipitation

The second analyzed day of the investigation is 21st May 2013. On this day the WST-

MRR measured a total rainfall of 34.7 mm distributed over almost the entire day. Apart

from some rain-free periods in the early night and morning hours, the rainfall event is

characterized by permanent precipitation with variable intensity of up to 10 mm h−1 and

40 dBZ (Fig. 4.8a–b). The spatial radar scan of the morning and afternoon hours (Fig. 4.9)

shows that the rainfall can be generally described as widespread and slightly internally

structured.

The scatter plot of Z and R for this day in Fig. 4.10 shows that the Z–R relationship also

exhibits two distinct modes that cover different intensity ranges in contrast to Case A.

While the mode along the climatological Z–R relationship is mainly limited to values

of Z ≥ 15 dBZ and R ≥ 0.2 mm h−1, the other mode does not exceed roughly Z =

20 dBZ and R = 1.3 mm h−1. Interestingly, in this case only Method 2 is able to properly

separate both modes of the Z–R relationship. Mode 1 of Method 2 is entirely identified

as convective precipitation after Method 1 whereas Mode 2 is classified as a mixture

of stratiform and convective precipitation. Therefore, on basis of this information, a

simple interpretation of the different rainfall regime as done in Case A is not possible.

This also supports the statement that a flexible criterion is more appropriate to describe

bimodal Z–R relationships for different rainfall events than a fixed empirical threshold

like the stratiform–convective classification. Assuming the separation after Method 2 as

correct, the time series of classifications (Fig. 4.5e) reveals that, in contrast to Case A,

the Z–R modes are not sharply temporally separated but the overall transition rather

takes place within a period between 05:00 and 07:00 UTC that includes rainfall of both

regimes. This observation proves that several transitions between different modes of

the Z–R relationship can be realized within very short time ranges due to the small-

scale mixing of rainfall regimes and their underlying microphysical processes. The mode

separation is also impressively illustrated by the time series of amc (Fig. 4.8c) that is

characterized by almost constantly small values for Mode 1 but is highly variable and

covers a wide range of values for Mode 2. Furthermore, the time series of the running

correlation rZR (Fig. 4.8d) exhibits numerous significant decreases that lead to several

phases of an unstable Z–R relationship even within periods of constant mode classification.

As already mentioned in Sect. 4.2.1, these phases of low stability between Z and R within

periods of seemingly homogeneous rainfall are likely caused by relatively constant rain

intensities.
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Figure 4.8: As Fig. 4.5 for height level 5 (h = 175m) of the WST-MRR on 21st May 2013.

4.2.3 Case C: Scattered Showers

In contrast to the latter cases, the third analyzed rainfall event on 13th August 2013

does not exhibit the phenomenon of a bimodal Z–R relationship. This day was rather

entirely dominated by short and intensive rain showers that were strongest around noon
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(a) (b)

Figure 4.9: As Fig. 4.6 for (a) 05:30 and (b) 15:00 UTC on 21st May 2013.

Figure 4.10: As Fig. 4.7a–b for height level 5 (h = 175m) of the WST-MRR on 21st May 2013.

and only lost intensity in the evening hours (Fig. 4.11a–b). Although the precipitation

reached intensities of more than 100 mm h−1 or 50 dBZ, only a total rainfall of 8.8 mm was

locally measured. The radar scan of the radar reflectivity Z (Fig. 4.12) reveals that the

spatial structure of the rainfall was characterized by isolated but also linearly organized

precipitation cells.

For this case the Z–R relationship (Fig. 4.13) can be reasonably described by the shown

climatological relationship although the data points are strongly scattered in Z–R space.

Similar to the second mode in Case B, Method 1 artificially divides one rainfall regime

in stratiform and convective precipitation which is not appropriate in this case. Again
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Figure 4.11: As Fig. 4.5 for height level 5 (h = 175m) of the HWM-MRR on 13th August 2013.

the classification after Method 2 provides the better representation since it is able to

identify this example as a unimodal Z–R relationship and to suppress the detection of a

second mode. Considering the highly variable character of the rainfall event, it seems even

more surprisingly that rZR displays a constantly high correlation between Z and R and,

therefore, also Method 3 only identifies one single Z–R mode for the entire day (Fig. 4.8d–
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(a) (b)

Figure 4.12: As Fig. 4.6 for the BKM-LAWR and HWM-MRR at (a) 09:05 and (b) 12:05 UTC

on 13th August 2013.

e). This again confirms the statement from Sect. 4.2.1 that microphysical homogeneity

cannot be deduced from the general appearance of precipitation. Nevertheless, it might

be assumed that part of the high correlation rZR is not just physically generated by the

empirical relationship between Z and R but rather artificially originates from the high

numerical differences due to the strong intensity fluctuations of the precipitation.

Figure 4.13: As Fig. 4.7a–b for height level 5 (h = 175m) of the HWM-MRR on 13th August

2013.
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4.3 Interpretation of Modal Z–R Relationships

The application of the introduced separation methods on selected rainfall events showed

that it is generally possible to systematically isolate different modes of the Z–R relation-

ship. The next step is the separate analysis of the classified DSD measurements to get in-

sight into the characteristic microphysical processes. As already introduced in Sect. 4.1.2,

Steiner et al. (2004) analytically derived the existence of three distinct modes of the Z–

R relationship, namely the number-controlled, size-controlled and mixed-controlled mode.

Since Method 2, that is based on the parameter amc of the mixed-controlled mode, deli-

vered good results for all three analyzed cases, it is promising to further investigate and

apply the concept of Steiner et al. (2004) for an in-depth microphysical interpretation

of the identified rainfall regimes.

As already mentioned in Sect. 2.3, the Z–R relationship is not simply the product of a

specific raindrop population but the signature of its transformation with changing rainfall

intensity. Since the three microphysical modes introduced by Steiner et al. (2004) are

mainly controlled by the mass-weighted mean drop diameter Dm and the drop number

density NT , the diagram of both parameters can serve as a useful tool to identify the

specific behavior of DSDs associated with these distinct Z–R relationships. Under the

assumption of a constant shape parameter µ, DSDs of changing intensity, that are asso-

ciated with a number- or size-controlled mode, fluctuate along lines of constant Dm and

NT , respectively. In contrast to this, mixed-controlled Z–R relationships fall along lines

of constant intercept parameter N0 that are described by Dm
1+µ/NT . This statement can

be easily understood by combining the definitions of NT and Dm after Eqts. 4.3 and 4.4

which yields

N0 =
(4 + µ)1+µ

Γ(1 + µ)

NT

Dm
1+µ . (4.13)

Additionally, DSDs can also undergo systematic variations of the mean drop size and drop

number density that do not lead to a change in rain intensity. Those variations of Dm

and NT for a constant rain rate R have to be consistent with the mass conservation and

are described by

R = NT
6 π v0
104

Γ(4 + p+ µ)

Γ(1 + µ)

(
Dm

4 + µ

)3+p

. (4.14)

In a simplified fashion, Eqt. 4.14 states that a large number of small drops can produce

the same rain rate as a small number of large drops. Nevertheless, it has to be noted

that these coordinated variations do not describe a power-law Z–R relationship as de-

fined by Eqt. 2.18. The variations in Dm–NT space according to the three special Z–R
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relationship and the case of constant R are visualized Fig. 4.14a. After Eqts. 4.13 and

4.14, lines of different constant N0 and R would be roughly vertically shifted compared

to the lines shown in the diagram. The same effect can be observed for different values

of µ. For a more detailed understanding of the microphysical processes, that are typical

for the four described modes, it is instructive to simulate the corresponding systematic

behavior of the DSD. This can be realized by determining the DSD parameter Λ and N0

according to Eqts. 4.4 and 4.13 for different values of Dm and NT and calculating the cor-

responding DSDs after Eqt. 2.4. For convenience, exponential DSDs (µ=0) are assumed

here. Fig. 4.14b shows that a number-controlled Z–R relationship is characterized by an

uniform relative shift of the drop number concentration over all drop size which maintains

the mean drop size as intended. In the size-controlled case the DSD transforms in a way

that decreases the concentration of the small drops in favor of the larger drop and can be

described as a tilting of the DSD. The mixed-controlled mode exhibits a rotation of the

DSD around the concentration of the smallest drops N0 which is typically known from

exponential distributions like the Marshall–Palmer DSD. Finally, the transformation of

the DSD under the conservation of rain rate R looks similar to a size-controlled Z–R

relationship but still undergoes much larger variations of the intercept parameter N0.

The idealized systematic variations the mass-weighted mean drop diameter Dm and the

drop number densityNT according to the specific Z–R modes in Fig. 4.14a can be now used

as a diagnostic tool to compare the theoretical findings of Steiner et al. (2004) with the

already introduced rainfall events. Fig. 4.15 shows the diagram of Dm and NT for Case A

and the classification of the data points after Method 2. As a first impression, the two

modes found in Z–R space (Fig. 4.7b) can also be identified in Dm–NT space although

they are not that pronounced. Nevertheless, both rainfall regimes are clearly characterized

by the differences in the size and number of raindrops. While Mode 1 is dominated by a

large number of relatively small drops with a mean Dm of 0.57± 0.16 mm and log10(NT )

of 3.30± 0.53 log10(m
−3), Mode 2 mainly consists of DSDs with a small number of larger

drops quantified by Dm = 1.09± 0.25 mm and log10(NT ) = 2.35± 0.52 log10(m
−3). For a

first classification of the Z–R modes based on this information, the observed variations of

Dm and NT in Fig. 4.15 can be compared with the theoretical curves in Fig. 4.14. Although

the measurement data are highly scattered in Dm–NT space, one could say that the overall

variability of Mode 1 is dominated by NT and roughly confined along a line of constant

Dm whereas the opposite is true for Mode 2. This finding is also supported by the slightly

higher standard deviation of Dm for Mode 2 even if NT shows a comparable variability

for both modes. Based on that, Mode 1 would correspond to a number-controlled Z–R

47



4 Analysis of Modal Z–R Relationships

Figure 4.14: (a) Relationship between mass-weighted mean drop diameter Dm and drop num-

ber density NT for exponential (µ = 0) DSDs of systematically varied intensities

according to a number-controlled (Dm = 2.5mm), size-controlled (NT = 103 m−3)

and mixed-controlled (N0 = 8 · 103 m−3 mm−1) Z–R relationship and the case of

constant rain rate (R = 3mm h−1) and (b) the associated transformation of the

DSD within the shown range of the corresponding parameters.

relationship and Mode 2 is more likely to be generated by a size- or mixed-controlled Z–R

relationship. The possible explanations for the deviations of the measurement data from

the theory after Steiner et al. (2004) are manifold. Apart from the general uncertainties,

that are inherent to radar measurements (Sect. 3), the main reason is most likely to be

the variability of shape parameter µ. For both modes the standard deviation of µ is

in the order of 4 which heavily violates the assumption of a constant shape parameter.

Furthermore, the signatures of the Z–R relationships are probably superposed by the

variation of drop size and number under constant rain rate.

The next step for a meaningful interpretation of the different rainfall regimes is the inves-

tigation of the characteristic DSD transformation with varying intensity as displayed in

Fig. 4.14b. This can be done by sorting the DSDs of each mode after intensity and calcu-

lating average DSDs within these intensity classes. According to Lee (2003) the resulting

groups of DSDs can be interpreted as ensembles that contain all observed realizations of

DSD formation for a given rain intensity. The intensity of rainfall can be defined in many

different ways, however, here the radar reflectivity Z as the usual reference variable of
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Figure 4.15: Mass-weighted mean drop diameter Dm and drop number density NT classified af-

ter Method 2 for height level 10 (h = 350m) of the WST-MRR on 25th September

2013. Grey points indicate measurement data that is not classified according to

Method 2.

the Z–R relationship and the commonly measured quantity in radar meteorology will be

used. Since rather the qualitative than the absolute change of the DSD is of interest for

this application, the DSDs are averaged within variable intensity classes for each mode,

defined by the quartiles of the Z distribution. This ensures that every intensity class con-

tains the same number of spectra and provides a robust average of the DSD. With respect

to the highly skewed distribution of the drop number concentration N(D) for each drop

size class, first the mean of the spectral rain rate RD is calculated and then re-transformed

into N(D) to obtain the averaged DSD. It has to be noted that the exact shape of the

mean DSDs slightly depends on the choice of the quantity which defines the intensity

classes, however, the qualitative result stays unaffected. Fig. 4.16 shows the resulting

DSD transformation of each mode after Method 2 for Case A. At first glance, the latter

finding, that Mode 1 is dominated by many small drops and Mode 2 by few large drops,

also clearly shows up in the mean DSDs. It is also interesting that, especially for Mode 1,

the general form of the averaged spectra corresponds quite well to an exponential DSD

although they are based on only 185 and 578 single DSDs per intensity class, respectively.
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For both modes the change of the mean DSDs with increasing intensity is realized by an

overall increase of the drop number concentration for all drop sizes. Especially for the

highest intensity class, this increase is even stronger for the larger drops which is proba-

bly the result of outliers in the Z distribution within the intensity class. Nevertheless,

the most interesting part of the DSD transformation is the number concentration of the

smallest drops quantified by N0. For Mode 1 N0 increases roughly as strong as the overall

drop number concentration with increasing intensity. Comparing this transformation of

the DSD with the theoretical behavior in Fig. 4.14b, it shows strong similarities to the

number-controlled mode. In contrast to this, Mode 2 exhibits almost the same N0 for all

intensity classes and, therefore, a rotation of the DSD around N0 which is typical for the

mixed-controlled mode. These findings support the results obtained from the analysis of

the Dm–NT diagram (Fig. 4.15) and lead to the conclusion that Mode 1 has characteris-

tics of a number-controlled Z–R relationship while Mode 2 is likely to be generated by a

mixed-controlled Z–R relationship. The linear regression method (Sect. 3.4) applied on

the separated modes delivers the Z–R coefficients 45 < a < 56 and 1.42 < b < 1.46 for

Mode 1 and 284 < a < 321 and 1.51 < b < 1.53 for Mode 2. The magnitude of the

multiplicative factor a for both modes is consistent with the two peaks in the frequency

distribution of amc (Fig. 4.3) and its definition in Eqt. 4.5 according to which a large mean

drop size generally increases the multiplicative factor of the Z–R relationship while a large

number of drops decreases it. However, the empirically found exponents b correspond to

the theoretically derived values as depicted in Fig. 4.2 only to a limited extent. For a

number-controlled Z–R relationship actually an exponent of bnc = 1 would be expected

whereas the value for Mode 1 (1.42 < b < 1.46) is considerably too high but still slightly

lower than for Mode 2. This discrepancy can only be explained by the already mentioned

uncertainties due to the violation of the theory assumptions and the general unsteady

character of rainfall. Furthermore, it is interesting to note that not only the behavior of

a mixed-controlled Z–R relationship but also the exponent b of Mode 2 (1.51 < b < 1.53)

is roughly similar to the exponential DSD.

The analysis of the rainfall regimes for Case B shows many similarities to Case A.

In the diagram of Dm and NT (Fig. 4.17) the separation of the two Z–R modes by

Method 2 agrees very well with the visual detection of both regimes. As in Case A,

the variance of the DSDs for Mode 1 is dominated by the variability of the drop num-

ber concentration whereas Mode 2 covers larger values and a much wider range of mean

drop sizes. This impression is quantified by the mean values of Dm = 0.42 ± 0.08 mm

and log10(NT ) = 3.36 ± 0.39 log10(m
−3) for Mode 1 and Dm = 1.03 ± 0.24 mm and
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Figure 4.16: Average DSDs for each radar reflectivity Z quartile of (a) Mode 1 and (b) 2 after

Method 2 for height level 10 (h = 350m) of the WST-MRR on 25th September

2013.

log10(NT ) = 2.90 ± 0.42 log10(m
−3) for Mode 2 that are in close correspondence to

Case A. One remarkable difference is that the variability of Mode 1 is confined to an

even narrower range of Dm which again leads to the assumption that this rainfall regime

is number-controlled. For Mode 2 the identification of systematic variations in Dm–NT

space is more challenging. Similar to Case A, the relatively large variability of Dm would

argue for a size- or mixed-controlled mode, nevertheless, the main part of the data points

seem to fluctuate roughly along a line of constant rain rate. This finding is supported

by the time series of R (Fig. 4.8a) that especially in the evening hours of the day shows

an overall reduced variability. The first-guess classifications of the microphysical modes

can be confirmed by the corresponding DSD transformations (Fig. 4.18). With increasing

rain intensity the drop number concentration for Mode 1 increases homogeneously over all

drop sizes which is typical for a number-controlled Z–R relationship. Only the mean DSD

of the highest intensity class shows a significantly stronger increase of the concentration

of the largest drops while N0 even slightly decreases relative to the lower intensity class.

This is again probably the result of outliers in the Z distribution that have a large impact

on the mean DSD since the number of averaged spectra per intensity class is relatively

small (261) compared to Mode 2 (1409). However, the DSD transformation of Mode 2

clearly shows typical characteristics of a mixed-controlled Z–R relationship. While the
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shape of the mean DSDs for the smallest drops is nearly identical for all intensity classes,

the increase of number concentration for higher rain intensities is even stronger for larger

drop sizes which leads to the already described rotation of the DSD around N0. The

empirically found Z–R parameters 29 < a < 34 for Mode 1 and 156 < a < 179 for

Mode 2 are in a similar order of magnitude as for Case A and consistent with the theory.

However, for the exponents 1.33 < b < 1.36 and 1.64 < b < 1.66 this is only true to a

lesser extent. Compared to Case A, the exponent of Mode 1 is slightly lower and, there-

fore, closer to the theoretical value for a number-controlled Z–R relationship of bnc = 1.

For Mode 2 the value of b is even higher than the conceptual limit of bsc = 1.63 for a

size-controlled Z–R relationship but still can be assumed to be conform to the identified

mixed-controlled mode. These results again show that the concept of special Z–R modes

after Steiner et al. (2004) is generally able to describe the basic microphysical processes

that underlie the generation of distinct Z–R relationships but still cannot completely cap-

ture the small-scale variability and unsteady character of real-nature rainfall. Moreover,

the impact of measurement uncertainties and the resulting difficulties on the correct es-

timation of the integral rainfall parameters should always be kept in mind. To complete

the analysis of the introduced precipitation events, the single rainfall regime found for

Case C shows many similarities to the second modes in Case A and B and, therefore, can

also be classified as a mixed-controlled Z–R relationship although the characteristics are

less pronounced than in the latter cases.

For an in-depth interpretation of the identified rainfall regimes it is desirable to relate

the systematic variations of the rainfall parameters to actual microphysical processes and

small-scale interactions of the raindrops. The most important warm rain processes (i. e. in

the absence of ice phase particles) are coalescence and breakup of raindrops. Coalescence

describes the capture and subsequent fusion of different drops that lead to the production

of larger drops. In contrast to this, the breakup of large drops into smaller fragments re-

stricts the maximum drop size to an upper limit. Breakup of raindrops may occur either

spontaneously when they become too large and unstable or due to the collision with other

drops (Steiner and Smith, 1998). According to Steiner et al. (2004), these basic mi-

crophysical processes can serve to explain the generation of the specific Z–R relationships.

A number-controlled mode, where all variability of the DSD is controlled by variations of

the drop number density and the mean drop size stays constant, is usually associated with

so-called equilibrium conditions or statistically homogeneous rainfall. Those conditions

lead to a linear Z–R relationship (b = 1) that has a clear physical meaning, in contrast

to statistically inhomogeneous rainfall where the Z–R relationship is of only statistical
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Figure 4.17: As Fig. 4.15 for height level 5 (h = 175m) of the WST-MRR on 21st May 2013.

Figure 4.18: As Fig. 4.16 for height level 5 (h = 175m) of the WST-MRR on 21st May 2013.

nature. Equilibrium rainfall condition are defined by a balance between drop collisions,

coalescence and breakup that conserves the relative shape of the corresponding DSD.

The magnitude of the resulting DSD then only depends on the number of drops which
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is only a function of the moisture supply. Based on numerical models of the coalescence

and breakup processes, Hu and Srivastava (1995) derived the existence of equilibrium

DSDs that exhibit a universal shape with exponential tail and which magnitude only

depends on the liquid water content L. Since with increasing drop number density also

the number of drop–drop interactions increases, the efficiency of the evolution towards

the equilibrium DSD is proportional to the rain intensity (Prat and Barros, 2009).

Usually this process occurs in less than one hour and, therefore, within the life cycle of

a typical rainstorm. Under natural conditions, the idealized concept of equilibrium or

number-controlled rainfall is most likely found in tropical heavy precipitation (e.g, hur-

ricanes), severe or long-lasting mid-latitude storm systems (e. g. supercells) or persistent

heavy orographic rainfall. Only for these extreme case the theoretically derived linear

Z–R relationship can also be confirmed by measured rainfall data (e. g. List (1988)).

Nevertheless, the number-controlled mode does not exhibit a unique Z–R relationship

since the multiplicative factor a still depends on the magnitude of the mean drop size.

Therefore, the Z–R relationship may vary between different rainfall events where number-

controlled conditions are present. In Case A and B such equilibrium conditions might be

a partial explanation for the generation of the first mode although it cannot be expected

to observe these idealized mechanisms in mid-latitude rainfall events very often. The

opposite extreme case described by Steiner et al. (2004) is represented by rainfall where

the variability of the DSD is controlled by the drop size while the number of drops stays

constant. Size-controlled conditions are realized when coalescence and breakup do not oc-

cur and, therefore, raindrops are neither created nor destroyed. The growth of drops then

only happens due to the accretion of cloud droplets. Such conditions are most likely to

be observed in light and steady drizzle rain, in dissipating convective cells or due to drop

size sorting as a result of wind shear or turbulence. The mixed-controlled case, where the

variability of the DSD is controlled by a combined change of drop number and size so that

the concentration of the smallest drops stays constant, can be described as an average or

normal kind of rainfall since it corresponds very well to the widely used exponential DSD

model after Marshall and Palmer (1948) as already mentioned. This might also be

the reason why mixed-controlled conditions are found in all three analyzed rainfall events.

Since the concept of microphysical modes after Steiner et al. (2004) is quite techni-

cal, it is instructive to relate the identified rainfall regimes also to the more intuitive

stratiform–convective classification of precipitation. The attributes for the definition of

stratiform and convective precipitation are manifold but in common sense the distinction

between both rainfall types is rather based on their macrophysical character than on spe-
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cific microphysical processes. As a first approximation, stratiform precipitation mostly

falls from nimbostratus clouds while convective precipitation originates from cumulus and

cumulonimbus clouds. A more quantitative way of definition includes the magnitude of

vertical air motion, horizontal extent and moisture supply of the precipitating clouds.

Convective clouds are generally characterized by strong updrafts of limited horizontal ex-

tent that lead to intense rain showers whereas stratiform clouds rather produce light and

widespread rainfall of more uniform horizontal structure due weaker and more mesoscale

vertical air motions. The boundary between stratiform and convective updrafts is usually

assumed to be in the range of the terminal velocity of snow (1–3 m s−1). The general

cloud properties also explain the different processes of raindrop formation that underlie

both precipitation types. In convective clouds, precipitation particles are carried aloft by

strong vertical winds and mainly grow due to accretion of cloud droplets until they are

heavy enough to fall against the updraft whereas in stratiform clouds raindrops grow while

they are slowly settling down from higher regions of the cloud (Houze, 1993; Steiner

and Smith, 1998). This leads to the microphysical definition of stratiform and convective

precipitation based on Tokay and Short (1996) that is used in Method 1. As already

mentioned in Sect. 4.1.1, stratiform rainfall generally contains larger drops than convective

rainfall of the same rain rate which contradicts the the common impression of these pre-

cipitation types. The different drop sizes again can be explained by the difference in the

present updraft velocity. Due to the limited vertical air motions in stratiform clouds, pre-

cipitation particles have time to grow in size mainly by coalescence which is the dominant

mechanism in light rain. Furthermore, under the homogeneous conditions of decreased

vertical motion and turbulence, snowflakes formed by aggregation of other ice particle in

the subfreezing regions of the cloud can melt into large raindrops when they reach the

0 ◦C isotherm. The formation of a melting layer eventually becomes visible in radar mea-

surements as a region of increased radar reflectivity that is caused by incompletely melted

ice particles covered with liquid water. Therefore, the existence of a so-called bright band

in the measurement data can be interpreted as an indicator for stratiform precipitation

below the melting layer. In contrast to this, in strong convective updrafts the formation of

a homogeneous melting layer is prevented due to increased turbulent motions. Since the

collision–breakup process is most important for heavy rainfall, the maximum drop size is

somewhat reduced in convective precipitation while the increased probability of breakup

increases the total number of drops. Another indicator for the distinction between both

rainfall types is the existence of higher-density graupel that forms when liquid particles

are captured by ice particles which is known as riming. Due to the differences in updraft
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strength higher-density graupel is more likely to be observed in convective precipitation

(Prat and Barros, 2009; Steiner and Smith, 1998; Tokay and Short, 1996). Al-

though the classifications of the measurement data after Method 1 and 2 do not match

for all analyzed cases, the typical features of stratiform and convective can also be found

in the introduced rainfall events and, therefore, connected to the modes after Steiner

et al. (2004). Since the number-controlled mode is characterized by raindrops of limited

and roughly constant size and only variations in the total drop number, it can be re-

lated to equilibrium conditions in convective rainfall. This result is also supported by the

general unsteady temporal appearance of number-controlled precipitation. In contrast

to this, stratiform rainfall is more likely to exhibit size- or mixed-controlled conditions

that are observed in more uniform rainfall situations with large variations in the mean

drop size. Furthermore, stratiform precipitation can be typically described by exponential

DSDs that are consistent with the mixed-controlled mode. Inappropriate classifications

of stratiform and convective rainfall data probably originate from the definition after

Tokay and Short (1996) that is based on an inflexible threshold and was derived from

precipitation in other climatic conditions than in the present study. In summary, the

rather phenomenological distinction between stratiform and convective rainfall has many

profound reasons that are based on the formation process and general macrophysical

properties. The categorization into number-, size- and mixed-controlled conditions after

Steiner et al. (2004) provides the consistent description of the microphysical processes

that are associated with both precipitation types and, furthermore, a powerful technical

framework that is able to depict the internal variability of rainfall in a generalized way.

4.4 Transitions between Modes of the Z–R Relationship

The analysis of the introduced precipitation events showed that the appearance of different

rainfall regimes in close spatial and temporal proximity is not an unusual phenomenon.

As already seen, rainfall regimes, that can be described by different Z–R relationships,

are rarely temporally separated but rather portioned into multiple alternating intervals.

Transitions between two Z–R modes often occur within minutes and are accompanied

by a change of the dominant microphysical processes. These transitions are known for a

long time as microphysical discontinuities called N0 jumps that have been first described

by Waldvogel (1974). N0 jumps are defined as sudden variations of the DSD intercept

parameter N0 for a constant rain rate R and indicate the transition from one mesoscale

precipitation area to another. While small values of N0 correspond to large-drop spectra
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and widespread rain, the sudden increase of N0 and the observation of small-drop spectra

are mostly correlated with a change to convective precipitation. Furthermore, an increase

in convective activity and cloud-internal updraft velocity are generally associated with the

disappearance of a pronounced radar bright band. Transitions between areas of different

rainfall regimes are likely to be caused by differences in mesoscale dynamics, updraft

velocity or moisture supply that lead to a change in the dominant growth mechanism of

the raindrops. These processes decide whether mainly large-drop spectra are generated by

aggregation and melting of snow crystals and coalescence of liquid particles or small-drop

spectra due to increased riming of ice particles and breakup of raindrops (Steiner et al.,

2004; Waldvogel, 1974). Since the melting layer mostly lies beyond the maximum

range of the MRR beam for the setup of this study, the existence of a pronounced bright

band cannot be used as an indicator for the present growth mechanism of the raindrops.

In the following, the introduced separation methods will be tested regarding their ability

to detect those transitions between different rainfall regimes from the time series of the

relevant rainfall parameters. Furthermore, the general appearance and properties of the

transitions and possible sources of uncertainty will be investigated.

As already mentioned, N0 jumps as introduced by Waldvogel (1974) are characterized

by significant variations of the intercept parameter N0 for an approximately constant rain

rate R. As a consequent, N0 jumps are important for the intensity range between 1 and

10 mm h−1 where most likely a constant rain rate can be observed. From an analytical

point of view, these kind of discontinuities are the result of a coordinated modification

of the mean drop size and number concentration for constant rain intensity as already

discussed in Sect. 4.3. Nevertheless, not every microphysical discontinuity satisfies the

requirements of a classical N0 jump since variations of Dm and NT likely cause varia-

tions in R as well. On the other hand, drastic changes of rainfall parameters do not

need to become visible in Z–R space and impact the Z–R relationship (Steiner et al.,

2004; Tokay and Short, 1996). In Fig. 4.19 an exemplary two-hour interval of the rain-

fall event analyzed in Case B is shown that includes several transitions between the two

modes of the Z–R relationship. According to the classification of Method 2 (Fig. 4.19d),

the period before roughly 05:40 UTC is assigned to Mode 2 and a mixed-controlled Z–R

relationship and followed by a period of Mode 1 and a number-controlled Z–R relation-

ship that is interrupted by two short intervals of the former mode at roughly 06:20 and

06:30 UTC. Two transitions between the different rainfall regimes detected by Method 2

at 05:38 and 06:17 UTC deserve a more in-depth analysis. The 30-minute interval be-

fore the first transition at 05:38 UTC exhibits an initial increase of rain rate R to about
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4 mm h−1 and a subsequent gradual but continuous decrease towards the roughly constant

value of 0.2 mm h−1 for the following period (Fig. 4.19a). Similarly, for the period around

the transition between both modes, the multiplicative factor amc of the Z–R relationship

(Fig. 4.19b) shows a gradual decrease towards the constant value of 40 for Mode 1 after

reaching a local maximum value of almost 800 just a few minutes before the actual tran-

sition. Probably as a consequent of the gentle and continuous decrease in rain intensity,

the running correlation coefficient rZR (Fig. 4.19c) exhibits a constantly high value of at

least 0.85 and temporarily more than 0.95 which indicates a very stable Z–R relation-

ship for the period around the mode change. A significant decrease in rZR below 50 %

explained variance can first be observed roughly 20 minutes after the mode transition

and is likely caused by the already mentioned phenomenon of constant rain intensity that

leads to an artificial decline in the correlation due to statistical fluctuations. In this case,

Method 3 is not able to detect the change between two rainfall regimes since the transi-

tion is not associated with a decrease in the strength of the Z–R relationship. This may

be a consequent of the fact that the transition does not show up as a discontinuity in

the measurement data and rather supports a high Z–R correlation due to its continuous

decrease in rain intensity. Nevertheless, it also confirms the speculation that the corre-

lation method is not an appropriate tool to detect transitions between different rainfall

regimes. Similar to this case, the second transition at 06:17 UTC, that marks the return

to the initial mode, does not cause a significant change in rain intensity but conserves

a constant rain rate of roughly 1 mm h−1. However, the time series of amc, that rapidly

increases from 40 to more than 300 within less than a minute, clearly indicates a change

in the current Z–R relationship. Although the correlation rZR decreases below 0.6 in this

case, Z–R relationship still does not become unstable relative to the critical correlation

rcrit. A significant decrease in rZR can be observed only a few minutes after the actual

transition which indicates a slightly delayed detection by Method 3. Therefore, in this

case the correlation method is able to identify a change in the Z–R relationship even

though the timing is not optimal. Interestingly, rZR also stays low during the phase of

gradual decrease in amc shortly after the initial jump while for a similar setup observed

around the first transition rZR indicates a very stable Z–R relationship. Based on this, it

becomes clear that the current strength of the Z–R relationship cannot be related to the

behavior of other rainfall parameters. Also the choice of the threshold in the definition of

the Z–R stability probably does not considerably improve the efficiency of the correlation

method. Furthermore, the stratiform–convective classification of Method 1 is not able to

detect the two analyzed mode transitions properly. Although Method 1 indicates several
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changes in rainfall type before the first and after the second transition, the temporal dis-

tribution of the classification does not correlate with the assumed correct classification of

Method 2. This is probably the result of the inappropriate scaling of the fixed threshold

for this dataset as already seen in the corresponding Z–R scatter plot (Fig. 4.10a). An-

other interesting aspect is the variation of the intercept parameter N0 that is associated

with the analyzed mode transitions and can be calculated from Eqt. 4.13. While for the

first transition N0 describes a gradual and continuous increase that corresponds to the

previous results, the second transition is accompanied by a rapid decrease in N0 from

about 1012 to less than 105 m−3 mm−1. Since the rain rate stays almost constant for the

same period, the microphysical discontinuity at 06:17 UTC can be identified as a classical

N0 jump after Waldvogel (1974).

The general character of the introduced transitions between different rainfall regimes

becomes clearly visible in the corresponding scatter plot of Z and R when temporal con-

secutive data points within the respective time intervals are connected (Fig. 4.20). Similar

to the time series, the first transition between both Z–R modes around 05:38 UTC is re-

alized by a gentle but continuous decrease of Z and R that roughly describes an almost

straight line. This behavior also nicely illustrates the corresponding high correlation be-

tween Z and R that prevents the detection of the transition by Method 3. In contrast to

this, the reverse transition at 06:17 UTC shows the character of a discontinuity and can

be described as an actual jump between both Z–R modes. This discontinuity visualizes

the process when the change in the raindrop growth mechanism almost instantaneously

impacts the DSD in a way that the radar reflectivity rapidly increases while the rain

rate stays almost unaffected. A more in-depth interpretation of both transitions can be

obtained from the temporal analysis of the spectral rain rate RD that describes the distri-

bution of the integral rain rate R over the spectrum of drop sizes (Fig. 4.21a). According

to the mass-weighted mean drop diameter Dm, that roughly marks the spectral maximum

of RD, 30 minutes before the first transition at 05:38 UTC the rain spectrum is dominated

by a small number of relatively large drop of 1.5 mm which leads to an only small rain

intensity. After a short period of higher intensities, a gradual shift of the spectrum to-

wards drop sizes of less than 0.5 mm can be observed which is accompanied by the already

discussed continuous decrease of R during the first transition. The spectral rain rate RD

reveals that about 10 minutes before the transition the spectral maximum is located at

0.5 mm while around 05:30 UTC a second maximum at 1.5 mm appears that rapidly shifts

to smaller drop sizes during the following minutes. The same phenomenon of a multi-

modal rain spectrum can also be observed for the second transition at 06:17 UTC that
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Figure 4.19: As Fig. 4.5a,c,d,e for height level 5 (h = 175m) of the WST-MRR on 21st May

2013. The turquoise and brown dashed lines indicate transitions between modes

of the Z–R relationship at 05:38 and 06:17 UTC.

exhibits the sudden appearance of even three maxima following a period of unimodal

spectra. As a consequence of the co-existence of multiple spectral maxima, in this cases

Dm is a poor description of the mean drop size and sometimes even corresponds to a spec-

tral minimum of RD. During these phases, the integral parameters are rather the result

of a mixture of rainfall regimes that are associated with the different mean drop sizes.

Therefore, the superposition of different drop size populations is probably an additional
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source of uncertainty for the analysis of measured rainfall quantities.

In the present example, the vertical structure of the rainfall sheds light on the explanation

and interpretation of the suddenly appearing multimodal RD spectra. The vertical profile

of radar reflectivity Z (Fig. 4.21b) indicates the arrival of narrow rainshafts at the ana-

lyzed height level for 05:30 and 06:17 UTC that causes a sudden increase in rain intensity.

Therefore, these local surges of precipitation add up to the present background rainfall and

lead to the appearance of multiple maxima in the spectral rain rate. The initially large

and then rapidly decreasing characteristic drop size of the additional raindrop populations

can be explained by the effect of gravitational drop size sorting. Since the terminal fall

velocity of raindrops increases with size, the largest of the drops, that are simultaneously

released from a cloud, first reach the ground followed by the smaller ones. Assuming the

velocity parameterization after Atlas and Ulbrich (1977) in Eqt. 2.7 and the absence

Figure 4.20: Scatter plot of radar reflectivity Z and rain rate R for height level 5 (h = 175m)

of the WST-MRR on 21st May 2013. The turquoise and brown lines connect

temporal consecutive data points in short time intervals around the transitions

between modes of the Z–R relationship at 05:38 and 06:17 UTC indicated in

Fig. 4.19. The black dots indicate start and end point of the respective period.

For comparison also the climatological Z–R relationship used by the DWD is

shown.
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of any wind, a raindrop of 5 mm in size, that is released in a height of 1000 m and falls at

terminal velocity, reaches the ground after 90 s while a drop of 0.5 mm in size would need

7 minutes. Gunn and Marshall (1955) showed that the drop sorting effect in inter-

action with constant vertical wind shear leads to a spread of differently sized raindrops,

that originate from the same resting source in typical cloud base height, over the order

of 10 km. Since the real atmospheric conditions are generally much more complex, this

effect has a considerable impact on the vertical modification of DSDs which is beyond the

scope of this study. When the associated rainshafts are not affected by strong updrafts

and turbulence or contaminated by other precipitation, the phenomenon of drop sorting

shows up as continuously shifting maxima in the local spectral rain rate like in Fig. 4.21a.

Therefore, the gradual decrease of the corresponding rainfall parameters around the first

transition is generated by the arrival of raindrops of continuously decreasing size at the

backside of a local rainshaft. In contrast to this, the second transition is the result of

the sudden increase of the mean drop size due to the large drops at the leading edge

of the arriving rainshaft and the subsequent rapid decrease of the DSD intercept para-

meter N0. According to Steiner et al. (2004), drop size sorting due to wind shear as

described by Gunn and Marshall (1955) leads to a size-controlled Z–R relationship,

similar to drizzle rain conditions where the number of drop interactions is also strongly

reduced. This result is consistent with the classification after Method 2 that relates the

periods influenced by rainshafts to the size- or mixed-controlled Mode 2. The somewhat

uncertain identification of size- and mixed-controlled characteristics in the analysis of this

regime (Sect. 4.3) is probably caused by the superposition of both microphysical modes

as indicated by the multimodal spectra. While the rainshafts and Mode 2 in general

rather have a stratiform character, the period between both transitions is associated with

a number-controlled Z–R relationship and shows convective properties in contrast to the

generally uniform appearance. However, the very low rain intensity hypothesizes that

the seemingly equilibrium conditions are not the result of strong convective updrafts but

probably caused by small drifting drops at the trailing edge of the previous rainshaft as

indicated by the rain-free region above (Fig. 4.21b). In summary, an in-depth interpreta-

tion of transitions between different precipitation regimes requires the analysis of several

parameters that allow insight into the variety of governing microphysical processes. The

mixture of different rainfall regimes is a crucial factor for the explanation of the associ-

ated transitions but also impedes the correct interpretation of important parameters and

processes. Nevertheless, it is possible to detect transitions between single modes of the

Z–R relationship although not all introduced methods are equally suitable for this task.
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Figure 4.21: Time series of (a) spectral rain rate RD (color-coded) and mass-weighted mean

drop diameter Dm (black line) for height level 5 (h = 175m) and (b) vertical

distribution of radar reflectivity Z of the WST-MRR on 21st May 2013. The

turquoise and brown dashed lines indicate transitions between modes of the Z–R

relationship at 05:38 and 06:17 UTC. The black dashed line in (b) marks height

level 5.
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5 Modification of Climatological Z–R Relationships

Since rainfall is the main source of water for terrestrial systems, a precise estimation of

the current rain rate and its spatial and temporal distribution is of central importance for

many hydrological processes. As seen in the analysis of selected rainfall events in Sect. 4,

the highly transient character of precipitation becomes visible on even very short time

scales. Therefore, the variability of the DSD and its impact on the Z–R relationship causes

a critical source of uncertainty for the correct rainfall estimation from radar reflectivity

data especially on a climatological time scale. The common practice in radar meteorology

is the use of a single Z–R relationship that provides the best representation of the local

average precipitation as reported e. g. by Battan (1973). The analyzed events show

that in specific situations more than one Z–R relationship is necessary to appropriately

describe the properties of different rainfall regimes that may appear in close temporal

proximity. Although it is not expected to observe clearly discriminable rainfall regimes

in the superposition of many diverse precipitation events, the adaption of two different

climatological Z–R relationships probably has the potential to considerably improve the

QPE. While the knowledge of the current DSD is obviously highly desirable for radar

applications, the arising key question is to which extent this information is a benefit for

the rainfall estimation. To investigate this question, the different rainfall regimes, that

are discussed in Sect. 4 on a daily basis, will be analyzed on an extended time range

by applying the introduced separation methods to six months of MRR measurements.

Based on derived single and bimodal Z–R relationships, the estimated rain rates are then

compared to the true values given by the DSD. Furthermore, the results are evaluated

for various measurement sites and a sensitivity study of the separation value used for

Method 2 is presented.

5.1 Comparison of Rainfall Regimes

As already mentioned in Sect. 3.3, the analyzed data set contains six months of mea-

surement data with a temporal resolution of 10 s and have been recorded at seven MRR

stations between 1st April and 30th September 2013. For most of the stations more than

100 000 data points, that exhibit a rain rate of at least Rlim = 0.1 mm h−1, are available

which represents a reliable data basis. For the comparison of rainfall regimes similar to

the analysis of the single events in Sect. 4, the introduced separation Methods 1 and 2 are
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applied to the entire data set. Since the correlation method does not deliver the desired

results for the detection of modal Z–R relationships and is not able to distinguish between

distinct regimes, Method 3 will not be evaluated here. Furthermore, the separation value

amc,sep used in Method 2 is not determined from the daily frequency distribution of the

multiplicative factor amc of the number-controlled Z–R relationship but fixed to a con-

stant value. A variable separation value would also require the derivation of daily Z–R

relationships which is not a feasible technique in practical applications and, additionally,

would limit the comparability to Method 1. For the following analysis, the separation

value is fixed to amc,sep = 100 which can be deduced from the single rainfall events as a

reasonable average value.

The resulting relative frequencies of the classifications after Method 1 and 2 for the HWM-

MRR are illustrated in Fig. 5.1. According to the definition of the regimes in Method 1,

the frequency of stratiform (51 %) and convective rainfall (49 %) is almost identical. In

contrast to the temporal fraction, stratiform rainfall contributes to a considerably smaller

fraction of the total rainfall (27 %) than convective rainfall (73 %) which is expected from

these precipitation types (not shown). This finding is consistent with the corresponding

values (32 % and 68 %) reported by Tokay and Short (1996) although the temporal

occurrence of stratiform (74 %) and convective rainfall (26 %) clearly deviates from the

present results which can probably explained by the different climatic conditions that

underlie the analyzed precipitation. The relative frequencies of the classifications after

Method 2 show that Mode 2 is observed roughly 60 % of the time and, therefore, twice

as frequently as Mode 1 whereas about 10 % of the time steps cannot be classified. The

temporal overlap between the classes of both separation methods can be obtained by

considering the mutual occurrences within the single classes. This analysis reveals that

stratiform rainfall is almost entirely related to Mode 2 while in turn Mode 2 contains

about 75 % stratiform rainfall. A similar agreement between the classifications can be

found for convective rainfall and Mode 1 which is consistent with the results obtained

from the analysis of single rainfall events. Therefore, the preliminary finding for rainfall

cases with bimodal Z–R relationships, that stratiform precipitation is generally associated

with size- or mixed-controlled conditions while convective precipitation is the result of

number-controlled conditions, can be also confirmed for longer time scales. Since this

result can also be found in the data of the other six MRR stations, it receives additional

robustness.

The corresponding scatter plot of radar reflectivity Z and rain rate R for the entire
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Figure 5.1: Relative frequency of the classifications after Method 1 and 2 for all rainfall data

(wide columns) and mutually for each class separately (narrow columns) for height

level 5 (h = 175m) of the HWM-MRR between 1st April and 30th September 2013.

measurement period and the derived Z–R relationships of the different rainfall regimes

are shown in Fig. 5.2. Apparently, most of the data is described very well by the clima-

tological Z–R relationship (Z = 256R1.42) used by the DWD whereas the actual fitted

Z–R relationship for all data (Z = 176R2.05) exhibits a clearly rotated regression line

quantified by a considerably higher exponent b. While this deviation is partly caused

by the the large spread of the data and the applied regression type, the most important

reason is a second less pronounced mode in Z–R that is mainly restricted to values of

Z ≤ 10 dBZ and R ≤ −3 dBR. Although the secondary maximum is probably to some

extent due to distinct modes of the Z–R relationship, this signature in MRR data is

typically caused by the presence of snowflakes that in spring and autumn may still exist

close to the ground. Since partially melted snowflakes cause a high reflectivity signal

but most times exhibit fall velocities not greater than 2 m s−1 (Peters et al., 2002), the

MRR signal of snow is interpreted as liquid rainfall that consists of a large number of

small drops similar to convective or number-controlled rainfall. Therefore, the distinction

between precipitation of the liquid and solid phase without the knowledge of the ground

air temperature as a rough indicator for the existence of snow in the upper regions is a

challenging task. To avoid the removal of a large part of rainfall data, that is associated
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with number-controlled Z–R relationships and of central importance for this thesis, no

snow filter algorithm is applied here. In contrast to the overall regression line, the Z–R

relationships derived for the separated rainfall regimes exhibit smaller exponents b that

apparently lead to more realistic representations of the measurement data. While the

Z–R relationships of Mode 1 and 2 more strongly differ in the multiplicative factor a

than in the exponent b and roughly follow the two present modes as a consequence of the

separation technique in Method 2, the stratiform and convective Z–R relationships show

significant differences in both parameters. Consistent with the findings of Tokay and

Short (1996) and among the different MRR stations, the stratiform Z–R relationship

(Z = 334R1.62) has a considerably higher multiplicative factor and lower exponent than

the convective Z–R relationship (Z = 66R1.84). At least for the multiplicative factor this

is also true for the corresponding Z–R relationship of Mode 2 (Z = 249R1.54) and Mode 1

(Z = 46R1.49) after Method 2. Nevertheless, the magnitude of the derived exponents b is

inconsistent with the theory according to Steiner et al. (2004) which relates the smallest

exponents to the number-controlled and subsequently convective Z–R relationship and

larger values to the size- and mixed-controlled cases. Due to the superposition of the

characteristic microphysical processes even on very short time scales, this discrepancy

between theory and six months of rainfall data is not surprising and would probably not

be solved by a modified separation technique.

5.2 Quantitative Precipitation Estimation with Bimodal Z–R

Relationships

For the investigation, to which extent the knowledge of the current DSD can improve

the rainfall estimation, the true rain rate R determined by the known DSD needs to be

compared to the rain rate RZ that is calculated from the true radar reflectivity Z and

an applied Z–R relationship. In a typical measurement setup the spatial distribution of

the radar reflectivity is obtained from areal weather radar data while the current DSD

and the climatological Z–R relationships at one location is known from a disdrometer

or MRR measurement. To imitate this scenario, the Z–R relationships derived from the

HWM-MRR (Fig. 5.2) are applied to the radar reflectivity data of the other MRR stations

that represent excerpts of areal weather radar measurements. For the case of modal Z–

R relationships it is assumed that the true rainfall type can be deduced from the local

DSD measurement. The results of the comparison between R and RZ in logarithmic

units for the data of the WST-MRR and different Z–R relationships obtained from the
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Figure 5.2: Scatter plot of radar reflectivity Z and rain rate R for height level 5 (h = 175m)

of the HWM-MRR between 1st April and 30th September 2013. Indicated are the

prescribed climatological Z–R relationship used by the DWD and the derived Z–

R relationships for all data, stratiform and convective rainfall after Method 1 and

Mode 1 and 2 after Method 2.

HWM-MRR are illustrated in Fig. 5.3. The application of single climatological Z–R

relationships basically reproduces the same structure in the scatter plot of R and RZ

that can also be observed in Z–R space. Therefore, the contamination of rainfall by

snowflakes significantly increases the variability for low rain intensities if only one Z–

R relationship is used. Similar to the Z–R scatter plot in Fig. 5.2, the application of

the prescribed climatological Z–R relationship leads to a good representation of R by

RZ for large parts of the data while the fitted Z–R relationship derived for all data

is clearly influenced by the secondary rainfall mode and produces biased estimates for

low rain intensities. The generally good agreement between R and RZ is quantified by

a correlation coefficient of 0.845 for both cases whereas the large overall bias of 2.05 dB

causes a considerably higher root mean square error (RMSE) for the case of the prescribed

Z–R relationship (3.87 dB) compared to the single derived Z–R relationship (2.58 dB).

Furthermore, the negligible bias of 0.01 dB for the fitted Z–R relationship shows that
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the observed RMSE is the result of the natural variability of rainfall and not due to

an inappropriate relative calibration of the MRR instruments. In contrast to this, the

application of modal Z–R relationships leads to a considerable improvement of the QPE.

Both the use of two separate Z–R relationships classified into stratiform and convective

rainfall after Method 1 as well as into Mode 1 and 2 after Method 2 significantly reduce

the spread between R and RZ and remove the secondary mode that is observed in the

scatter plot for single Z–R relationships. This effect is quantified by an increase of the

correlation coefficient to 0.936 and 0.932 and a reduction of the RMSE to 1.71 dB and

1.72 dB, respectively. Since the stratiform–convective classification also yields almost

unbiased results, in this case the use of bimodal Z–R relationships after Method 1 can

be assumed as the slightly better technique for quantitative rain rate estimations than

bimodal Z–R relationships after Method 2. The statistical parameters resulting from

the application of the four introduced Z–R relationship configurations derived from the

HWM-MRR on the data of the six remaining MRR stations are summarized in Fig. 5.4.

The qualitative results, that can be found for the analysis of the WST-MRR, are also

consistent throughout the other five data sets. While the use of a single Z–R relationship,

that is derived from the local rainfall data, can considerably reduce the overall RMSE and

bias, bimodal Z–R relationships are able to even further improve the rainfall estimation

which is quantified by a significantly enhanced correlation coefficient and reduced RMSE

between R and RZ . Since the difference in the statistical parameters between the two

bimodal Z–R relationships methods is negligible, both techniques can be assumed to be

roughly equivalent.

The results of the latter analysis show that the application of bimodal climatological Z–R

relationships has the potential to considerably improve the QPE from radar measurement

data. However, the exact gain in reliability of the Z–R relationship depends on the given

properties of the measured precipitation like the average rainfall intensity, its variability

and the dominant drop sizes. Therefore, the thresholds used for the separation of the

different rainfall regimes need to be scaled to the local measurement data to obtain op-

timal results such as done by Tokay and Short (1996) for the discrimination between

stratiform and convective precipitation. Since the associated definition in Method 1 is

actually derived for tropical oceanic rainfall, an adjustment of Eqt. 4.2 for mid-latitude

continental conditions would probably lead to a further improvement of the statistical

parameters for the comparison between R and RZ . In a similar fashion, the classification

of the rainfall data and the definition of the bimodal Z–R relationships after Method 2

depends on the choice of the separation value amc,sep. The corresponding sensitivity ana-
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Figure 5.3: Scatter plot of DSD-based rain rate R and rain rate RZ derived from radar re-

flectivity Z for height level 5 (h = 175m) of the WST-MRR between 1st April

and 30th September 2013. RZ is calculated by applying (a) the climatological Z–R

relationship used by the DWD and the Z–R relationships for (b) all data, (c) stra-

tiform and convective rainfall after Method 1 and (d) Mode 1 and 2 after Method 2

derived from data of the same height level and time period of the HWM-MRR.

Indicated are also the corresponding correlation coefficient, root mean square error

and bias between R and RZ in logarithmic units.
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Figure 5.4: (a) Correlation coefficient, (b) root mean square error and (c) bias between DSD-

based rain rate R and rain rate RZ derived from radar reflectivity Z for height

level 5 (h = 175m) of six MRR stations between 1st April and 30th September 2013

dependent on the four Z–R relationship configurations as in Fig. 5.3 derived from

data of the same height level and time period of the HWM-MRR.

lysis for the parameters of the rainfall estimation in Fig. 5.5 shows that the arbitrarily

chosen separation value of amc,sep = 100 yields almost optimal results even if the influence

of amc,sep for variations within the investigated range is small. Consistently throughout all

six MRR data sets, a reduction as well as an increase of amc,sep by 50 % generally leads to

a decrease in the correlation coefficient between R and RZ of not more than 0.01 and an

increase of the RMSE of roughly 0.1 dB whereas no such clear trend can be observed for

the bias. Although the optimum value of amc,sep slightly varies between the different MRR

stations, only marginal improvements of the parameters can be obtained from small ad-

justments of the separation value. Since both introduced techniques using bimodal Z–R

relationships yield almost identical results for the QPE, similar findings can be expected

for a modification of the discrimination threshold between the stratiform and convective

rainfall regime. Apart from these considerations, the optimization of the QPE is naturally

limited by the inherent small-scale variability of precipitation that has been extensively

discussed in this study. Therefore, even the application of Z–R relationships derived on a

daily basis, which is not a feasible technique for operational radar measurements, would

probably not lead to significantly better rainfall estimations than the introduced bimodal

Z–R relationships.

While the choice of an appropriate method for the conversion of measured radar reflec-
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Figure 5.5: As Fig. 5.4 but dependent on the separation value amc,sep used for the derivation

of the Z–R relationships after Method 2.

tivity into rain rate data is a crucial step for the QPE, also other physical processes make

the precise rainfall estimation a challenging task. Generally, precipitation is measured

by weather radars in a height of several hundred meters while the rainfall, that actu-

ally reaches the ground, is the desired meteorological quantity. As already mentioned in

Sect. 4.4, the DSD and consequently also the Z–R relationship underlie significant varia-

tions with height due to the dependency of the falling velocity of raindrops on their size.

This phenomenon is accompanied by processes like evaporation of raindrops in drier air

or the creation of new drops by accretion of fog particles that can lead to a considerable

over- or underestimation of the surface rainfall. Also the contamination of rainfall by solid

phase precipitation like hail, snow and graupel, vertical air motions and to a lesser ex-

tent variations of the air pressure can impact the correct QPE from radar measurements.

Furthermore, the already discussed instrumental limitations and insufficient sampling of

the DSD are common problems that can result in biased estimates of the rainfall parame-

ters (Austin, 1987; Gunn and Marshall, 1955). For DSD data as in this study, that

originate from vertically pointing radars, the variability of the rainfall measurements and,

therefore, the uncertainty of the QPE additionally increases with height as a result of the

enhanced scattering and attenuation of the radar signal (not shown).
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6 Summary and Conclusions

The determination of the rain rate R from the radar reflectivity Z, the usually obtained

quantity of radar rainfall measurements, is a crucial step for the quantitative precipitation

estimation (QPE). The conversion rule between both quantities is called Z–R relationship

and usually written as the power law Z = aRb. The Z–R relationship is not a unique

relation but has an empirical character since it entirely depends on the distribution of the

raindrops with size (DSD) and its transformation with changing rainfall intensity. While

a vast number of different Z–R relationships for various climatic zones and precipita-

tion types can be found in literature (e. g. Battan (1973)), the generation of the DSD

underlies several mesoscale conditions and microphysical processes that can cause signifi-

cant variations in the current Z–R relationship. Lee (2003) even showed that the daily

variability of raindrop populations is actually of roughly the same order of magnitude as

their long-term variability. In some cases distinct modes of the Z–R relationship can be

observed in close temporal proximity and clearly reveal the existence of different rainfall

regimes. Since the modes of the Z–R relationship are usually not temporally separated, a

meaningful interpretation of the Z–R modes requires their prior separation that is based

on characteristic properties of the associated DSDs. In fact, transitions between differ-

ent rainfall regimes are assumed to have the character of discontinuities as described by

Waldvogel (1974) that can occur multiple times during a rainfall event. The aim of this

thesis is to investigate the properties and generating microphysical processes of the DSD

that underlie different rainfall regimes and are associated with modal Z–R relationships.

This leads to the following key questions:

• Is it possible to systematically separate distinct modes of the Z–R relationship and

relate them to different rainfall regimes and microphysical processes?

• How do transitions between different modes of the Z–R relationship take place and

are they detectable from the time series of rainfall measurement data?

• Does the knowledge about rainfall regimes help to improve the QPE by using bi-

modal Z–R relationships?

To answer these questions, DSD data from seven meteorological measurement sites in

Northern Germany, recorded during six months in 2013, are analyzed. The data are

retrieved from micro rain radar (MRR) measurements that consist of vertical profiles of

DSDs up to a height of 1000 m with a range resolution of 35 m and a temporal resolution
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of 10 s. For the consistent analysis of the MRR data three methods are introduced that

are designed to separate different rainfall regimes and modes of the Z–R relationship.

Method 1 uses the definition of stratiform and convective rainfall that originates from

Tokay and Short (1996) and was formulated by Testud et al. (2001) as an empirical

relationship between the rain rate R and the mass-weighted mean drop diameter Dm.

Method 2 is based on the theoretical framework by Steiner et al. (2004) who analyti-

cally derived the existence of a number-controlled, size-controlled and mixed-controlled

mode of the Z–R relationship which parameters can be obtained from Dm and the drop

number density NT . For rainfall cases with modal Z–R relationships the rainfall regimes

are defined by a separation value for the multiplicative factor a of the Z–R relationship

that is obtained from its daily frequency distribution. The third method aims to detect

periods of constant Z–R relationship from the running correlation coefficient of Z and R

that is a measure for the current stability of the relationship between both quantities.

The analysis of selected rainfall events shows that it is generally possible to separate differ-

ent modes of the Z–R relationships. The best results can be obtained from Method 2 since

it allows a flexible definition of the separating parameter. The fixed empirical threshold

in the definition of stratiform and convective precipitation after Method 1 can be used to

identify the general character of the associated rainfall periods but is not able to realize

an accurate separation of the Z–R modes in all cases. In contrast to this, the running

correlation technique of Method 3 turns out to be not feasible for the separation of modal

Z–R relationships since further information are needed to relate the found intervals of

stable relationship between Z and R to specific rainfall regimes. Furthermore, an unstable

Z–R relationship is often caused by periods of almost constant rain intensity where the

Z–R relationship rather has a statistical than a physical character. For the microphysical

interpretation of the found rainfall regimes the theoretical framework by Steiner et al.

(2004) is compared to the measurement data. On the basis of combined variations of the

mass-weighted mean drop diameter Dm and drop number density NT , the dominant mi-

crophysical processes of specific modes of the Z–R relationship can be identified as either

number-controlled, size-controlled or mixed-controlled. Furthermore, the three distinct

kinds of Z–R relationship are related to characteristic transformations of the DSD, that

can also be observed for the found rainfall regimes by averaging the measured spectra

within different rain intensities classes, and are consistent with the prior findings. Devia-

tions from the theory can be mainly explained by the violation of the required assumption

of a constant DSD shape parameter µ and measurement uncertainties. Although the de-

finition of stratiform and convective rainfall by Tokay and Short (1996) may collide
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with the rather macrophysical common intuition of these rainfall types regarding the

mean drop size, the concept of Steiner et al. (2004) provides a consistent explanation

for this definition. Number-controlled Z–R relationships are generally the result of so-

called equilibrium conditions that mostly occur in heavy convective precipitation where

a balance of coalescence, collisions and breakup of raindrops conserves the overall shape

of the DSD and variations of the drop number are only due to changes in the moisture

supply. Under such conditions strong updrafts cause a large number of drop interactions

which limits the maximum drop size. Moreover, the formation of a pronounced melting

layer, that mostly shows up as a bright band in the radar measurements, is prevented. In

contrast to this, size- and mixed-controlled Z–R relationships are usually associated with

stratiform or light rainfall where weak updraft velocities allow raindrops to grow in size

by coalescence which leads to a relatively large mean drop size but constant drop number.

In addition, the presence of a bright band may indicate the melting of snowflakes into

very large raindrops.

The inspection of a selected two-hour period of measurement data reveals that the small-

scale variability of rainfall may cause considerable differences in the character of transi-

tions between modes of the Z–R relationship and its detectability by the three introduced

separation methods. Similar to the separation of modal Z–R relationships, the flexible

threshold definition of Method 2 provides the most reliable technique to identify those

transitions from the time series of rainfall data. The stratiform–convective classification of

Method 1 is able to detect a change in the overall type of rainfall but transitions may not

be properly identified due to the scaling of the used threshold. The running correlation

technique of Method 3 shows a strong dependency on the kind of transition and, therefore,

does not provide reliable results. While for rapid transitions actually a decrease in the

stability of the Z–R relationship can be observed, it still cannot be distinguished from

those declines of the running correlation caused by periods of constant rain intensity. For

smooth transitions the correlation method even indicates a very stable Z–R relationship.

Although the analyzed case is far from being representative for the large variability of

rainfall, it shows a variety of microphysical processes that play an important role on small

spatial and temporal scales. In the introduced example the effect of gravitational drop

sorting leads to the rapid increase of the mean drop size due to the first arriving large

drops at the leading edge of a rainshaft and the subsequent decrease of the DSD intercept

parameter N0. In combination with the constant rain rate this microphysical discontinuity

can be identified as a classical N0 jump as defined by Waldvogel (1974). In contrast to

this, the gentle and continuous decrease of the mean drop size at the back side of such a
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rainshaft produces a smooth transition between two modes of the Z–R relationship that

does not exhibit the character of a discontinuity in the rainfall parameters. Additionally,

the presence of multimodal rain spectra reveals that the superposition of different rainfall

regimes may impede the identification of the dominant microphysical processes and the

interpretation of the associated parameters.

Finally, the properties of the specific rainfall regimes are analyzed for the entire six-months

data set. Consistent with the findings of Tokay and Short (1996) and throughout the

different MRR stations, convective precipitation contributes to roughly 75 % of the total

amount of rainfall although the temporal occurrence of this rainfall type is equal or less

compared to stratiform precipitation. The comparison of the two rainfall classifications

after Method 1 and 2 confirms the result obtained from the analysis of selected events that

convective rainfall is often associated with number-controlled conditions while stratiform

rainfall mostly corresponds to a size- or mixed-controlled mode. Furthermore, the general

magnitudes of the parameters a and b of the derived stratiform and convective Z–R

relationships are in good agreement with the results of Tokay and Short (1996) but

shows inconsistencies with the theory of Steiner et al. (2004) which is not surprising

considering the variability and uncertainties of rainfall even on short time scales. The

derivation and application of bimodal climatological Z–R relationship reveals that the

knowledge of the current DSD has the potential to considerably improve the QPE from

radar measurements. Compared to a single Z–R relationship, that is derived from the

local rainfall data, the usage of a two-part Z–R relationship for separate rainfall regimes

increases the correlation coefficient between the true rain rate R and the estimated rain

rate RZ in logarithmic units by 10 to 12 % and reduces the root mean square error (RMSE)

by 30 to 40 % while for the bias only minor improvements can be found. Both investigated

definitions of bimodal Z–R relationship after Method 1 and 2 yield almost identical results

and, therefore, can be assumed to be roughly equivalent. Since the variation of the used

threshold for Method 2 only leads to marginal improvements of the statistical parameters,

also the adjustment of the fixed definition of stratiform and convective rainfall in Method 1

to the local average rainfall would probably not considerably change the result.

The investigations of this thesis shed light on the variety of microphysical processes that

cause large parts of the temporal and spatial heterogeneity of rainfall. The Z–R relation-

ship is not only determined by the predominant meteorological conditions at one given

location but the signature of a specific raindrop population and its characteristic genera-

tion and transformation during the life cycle of a rainstorm. Since in many cases the Z–R
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relationship is the result of the superposition of several different raindrop populations and

their characteristic transformation, the identification and understanding of the underlying

mechanisms require an adequate analysis of the temporal, spatial and spectral structure of

the associated rainfall parameters. Although these investigations are challenging and only

allow a very limited insight into the large variability and transient behavior of rainfall,

they have the potential to considerably reduce the uncertainty of the rainfall estimation

and can make a crucial contribution to more precise hydrological forecasts. Therefore,

the small-scale variability of the rainfall and the corresponding Z–R relationships repre-

sent an important error source that should not be neglected and is worth making further

efforts to implement the knowledge about the DSD into operational radar applications.
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7 Outlook

The investigation of modal Z–R relationships in this thesis is restricted to single rainfall

events and not representative for the variety of possible meteorological conditions but it

still reveals many important aspects of the small-scale variability of rainfall. Since the

fundamental microphysical processes for the generation of precipitation and the associ-

ated Z–R relationships as e. g. described by Steiner et al. (2004) can be assumed to be

universal, similar measurements of rainfall for other locations, periods or climatic condi-

tions might more distinctly exhibit the properties of specific rainfall regimes but would

probably not deliver significantly different results. Although the separation algorithms

for modal Z–R relationships like the definition for stratiform and convective precipitation

can be improved for single cases or adjusted to the local average rainfall, the analysis

in Sect. 5.2 shows that the effect on the QPE is only marginal. Further research efforts

should rather focus on the application of the concept of bimodal climatological Z–R re-

lationships on operational radar measurements. Efficient algorithms for the filtering of

snowfall data, that could include local temperature measurements, have the potential to

considerably reduce the uncertainty of rain rate estimations from radar reflectivity data

and the derivation of the corresponding Z–R relationships. Moreover, the operation of

MRRs with an enhanced maximum range of the radar beam could reveal useful infor-

mation about the presence of a melting layer above that can be used to improve the

identification of the dominant DSD-generating mechanisms.

Another interesting aspect for the improvement of radar rainfall estimates is the derivation

of current Z–R relationships from local DSD measurements and their spatial application

on radar reflectivity data. The most simple approach would be the assumption that the

locally derived Z–R relationship is valid for the entire radar image. A more sophisticated

method could include the identification of single rainfall cells by using specific cell tracking

algorithms (e. g. Rosenfeld (1987); Johnson et al. (1998)) to restrict the validity of

the current Z–R relationship to defined rainfall areas in close spatial proximity. As a

next step, the identified precipitation cell and their associated Z–R relationships could be

combined with radar extrapolation algorithms (e. g. Eckmann (2016)) to obtain more

precise rainfall forecasts that are crucial for many hydrological applications.
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